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Abstract

In this paper, a nonlinear integro-dynamic equation on time scales with local initial
condition is considered. The purpose of this paper is to prove existence and uniqueness
of solutions and to investigate qualitative properties of solutions of this equation such as
boundedness, dependence of solutions on initial conditions, functions, and parameters,
and Ulam stability. The analysis is based on the Krasnoselskif fixed point theorem and
Gronwall-type dynamic inequalities. For the illustrative purpose of our main results,
examples on a nonstandard time scale domain are provided.

Keywords Integro-dynamic equations - Gronwall inequality - Time scales -
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Hyers—Ulam-Rassias stability
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1 Introduction

The theory of time scales is a recently developed area. The objective of this theory is to
unify the existing theory of continuous and discrete calculus and extend these theories
to hybrid continuous-discrete domains. Dynamic equations on time scales have the
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potential to describe both continuous and discrete processes. Hence, it became possi-
ble to study continuous-discrete time hybrid processes as a single whole. The study
of dynamic equations has inspired numerous researchers and has become a prominent
field of research. On the other hand, equations that contain both derivatives and inte-
grals of the unknown function, called integro-differential equations, have been taken
up by a large number of researchers, and the study of these equations has grown so
extensively that it is now one of the most important subjects in the field of mathemat-
ical analysis. Indeed, there are many practical situations in which integro-differential
equations give a significantly better model than differential or integral equations.
Integro-differential equations appear quite naturally in mathematical modelling of
several real-world phenomena including cancer treatment [13], ecology [25], engi-
neering [34], epidemiology [16], finance [6, 22], and image processing [1]. Motivated
by a large number of important applications in many real-world processes, the theory
of integro-differential equations is now well developed.

Recently, there is a trend of studying integro-differential equations in the time scale
domain, so-called integro-dynamic equations. This is mainly because of the great
use of integro-dynamic equations in describing several nonlocal continuous-discrete
hybrid phenomena. Adivar and Raffoul [3], using the topological degree method and
Schaefer’s fixed point theorem, deduced the existence of periodic solutions of nonlin-
ear system of integro-dynamic equations on periodic time scales and provided several
applications to scalar integro-dynamic equations. Also, Adivar et al. [2] employed
Schauder’s fixed point theorem to generalise and improve results of [17, 23] for systems
of nonlinear Volterra integro-differential and integro-difference equations for the time
scale domain. Their work requires less restrictive assumptions than the one for con-
tinuous and discrete cases. Lupulescu et al. [19] studied several qualitative properties,
including asymptotic stabilities and boundedness of solutions of Volterra integro-
dynamic equations. Also, Younus and Rahman [40] obtained results of controllability,
observability, and stability for a linear system of regressive Volterra integro-dynamic
equations. Sevinik-Adigiizel et al. [27] proved the existence of a unique solution of
Volterra integro-dynamic equations employing a suitable fixed point theorem in the
setting of a complete b-metric space.

Xing et al. [38], by combining the monotone iterative method with contraction map-
ping principle, studied classical solutions of the nonlinear integro-dynamic equation
on a time scale T of the type

t .
A1) = .’F(t,x(t),[ iC(t,S)x(s)As) o L&,
0
x(0) = xo,

where J = [0,al]NTfor0,aec T,F: I xRxR—- Rand K: J x J - Rare
continuous functions.

In 2011, an improvement and generalization of the results of [38] was offered by
Liu et al.[18]. By replacing p € Cq(T, R) on time scales with p € L,}I.(']I‘, R), they
extended the exponential function e, and studied weak solutions of the nonlinear
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integro-dynamic equation of the type

!
xA(t) +pOx°@W)=F (r,x(r), ] K(t, sW(s, x(s))As) ,1eT,a<t<b,
0

x(a) = xo,

where T is a bounded time scale with @ = inf T, » = supT, and the functions
F:TxRxR—> R W:T xR — R are A-measurable in T, locally Lipschitz
continuous, and K € Cq(T x R, R). _

The notion of Ulam stability has a wide range of applications in various fields,
including numerical analysis, optimization, control theory, neural network etc., when
it is quite difficult to find an analytical solution. Ulam stability theory provides an
essential tool for investigating the analytical solution as well as a reliable method to
approximately solve any dynamic problem. Thus, to study approximate behavior of
dynamic equations, one needs to study the aspect of Ulam-type stability. Ulam stabil-
ity for integro-differential equations have been studied in several papers, [10, 14, 15,
26, 35] to mention a few. Further, many authors have investigated various stability of
integro-dynamic equations [4, 24, 39, 40]. Shah and Zada [30] established Ulam sta-
bility of a nonlinear Volterra integro-dynamic equation and its adjoint equation by the
integrating factor method. It is noteworthy that, recently, in a series of papers, Shah et
al. have performed an interesting Ulam stability analysis of several equations including
nonlinear impulsive delay dynamic equations on time scales [31, 32], mixed integral
dynamic equations with instantaneous and noninstantaneous impulses [28], nonlin-
ear Volterra impulsive integro-delay dynamic equations [33], nonlinear Hammerstein
impulsive integro-dynamic equations with delay [29], and nonlinear delay differen-
tial equations with fractional integrable impulses [41]. Meanwhile, Hoa et al. [5, 12,
20, 36] investigated several interesting properties, including Ulam stability and data
dependence of solutions of various types of fuzzy fractional differential equations.

It is well known that solutions of dynamic equations on time scales depend on the
data like initial conditions, functions, and parameters (constants) which appear on
the right-hand side of the equation. Evidently, we get different solutions to the same
dynamic equation for different data. Thus, from an application and theoretical point of
view, it is interesting and reasonably important to know how a solution of a dynamic
equation changes if these data change slightly. To the best of our information, up till
now, very few papers are available in the literature discussing data dependence of
integro-dynamic equations. All these works made us motivated to study qualitative
aspects of nonlinear integro-dynamic equations. In this paper, we made an attempt to
investigate results concerning existence, uniqueness, data dependence, and Ulam-type
stability of nonlinear integro-dynamic equations (NIDEs) of the form

2 + PR’ ) = f(r,x(t),f H(t,s,x(s))As), t eI, (N
o

subject to the initial condition

x(tp) = xo € R", 2
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where I := [f9, 71N T with a time scale T C R, 7, T € Twithzg < T,x: [ — R”
is an unknown function to be determined, x® = x o0, x2 is the delta derivative of x,
p: I — Risregressive and rd-continuous, 7 : I x R" x R* — R" is rd-continuous in
its first variable and continuous in its second and third variables, H: I x I x R* — R"
is rd-continuous in its first and second variables and continuous in its third variable.
In addition, both F and H are assumed to be nonlinear functions.

The innovative idea in the present paper is to consider a new type of nonlinear
integro-dynamic equations on time scales (1)~(2) and then, by employing a Gronwall-
type dynamic inequality, investigate all qualitative properties mentioned above, with
just Lipschitz-type conditions on functions F and H involved in the equation. The
main advantage of employing the Gronwall-type dynamic inequality is that it demands
fewer restrictions on the functions involved in the equation than any other approach.

The present paper is divided into six sections. After this introduction, in Sect. 2
preliminary notions pertinent to this paper are given. In Sect. 3, we derive an equivalent
integral equation to the dynamic problem (1)—-(2) and prove existence and uniqueness
of solutions to the dynamic problem (1)—(2). Results of boundedness and data depen-
dence of solutions are derived in Sect. 4. Section 5 deals with the investigation of Ulam
stability for the dynamic problem (1)-(2). Here, with the help of MATLAB®code, we
provide a graph depicting the solution. Finally, conclusions and remarks on further
study are added in Sect. 6.

2 Preliminaries

In what follows, T denotes a time scale, which is an arbitrary nonempty closed subset
of the set of real numbers R. Below we summarize some notions connected to the
theory of time scales, which are pertinent to the present paper. These materials are
standard and can be found in [7, 8]. For a given time scale T, we derive a new set T*
as follows: T¢ = T \ {max T} if max T < oo, otherwise T* = T.

Definition 2.1 We say that f: T — R" is delta differentiable at 7 € T* if there exists
FA(#) € R, a so-called delta derivative of f, with the following property: For any
¢ > 0 there is a neighbourhood N of ¢ such that

£ @ @) — f(s) = FAO@@) —$)ln <elo@) —s| foralls e N.

Definition 2.2 We say that f: T — R" is rd-continuous if it is continuous at every
right-dense point or maximal point in T and its left sided limits exist at left-dense
points in T. The symbol Cr4(T, R") will be used for the set of all such functions.

Definition 2.3 We say that F: T — R” is an antiderivative of f : T — R" if
F2(t) = f(¢) forallt € T*. In this case, we define the Cauchy delta integral of f by

)
f f(s)As := F(t) — F(t), wherety e T.
Iy
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Definition 2.4 We say that p: T — R is regressive if 1 + u(t)p(¢) #Oforalls € T,
where  : T — R is the graininess function. The symbol R(T, R) will be used for
the set of all rd-continuous regressive functions.

Definition 2.5 We say that p: T — R is positively regressive if 1 + p(t) p(¢) > 0 for
all7 € T. The symbol R (T, R) will be used for the set of all rd-continuous positively
regressive functions.

Definition 2.6 For p € R(T, R), the generalized exponential function e (¢, s) on the
time scale T is defined as

! (Log|l + pu(z) p(1)l "
o [ (221220200) ) o

exp ([ p(t)Ar) if u(t) =0.

s

ep(t,s) =

For p, g € R(T, R), we define the following.

1+ pp

pdg=p+qg+uppg, Op:= , POq:=pd(Ogq).

Remark 2.1 Below we state some of the properties of the exponential function that are
used in our investigation. For p € R(T,R) andr, s, t € T, we have

(i) ep(t,s) =1andep(t, t) = 1,
(ii) ep(s,t) = egp(t,s);
(iii) ep(t,s) = 1/ep(s, 1);
(iv) ep(t,r)ey(r,s) =ep(t,s).

We recall the extended Gronwall inequality, which is an essential tool in our inves-
tigation. ‘

Theorem 2.1 (See [37, Theorem 2]) Let y, f € Cra(T, R™) with f a nondecreasing
function and g, h € R (T, R) withg =0, h > 0. If

t 5
y(@) =< f@) +f h(s) [)’(S)-i-f g(f)y(T)AT] As fort e T",

then the following two inequalities hold:

@ y(1) < £ [1 + [ h(s)ensg(s, a)As]forr e T*.
®) ¥() < f(D)ensg(t, a) fort € TF,

In particular, if f(t) = 0, then y(t) = 0 for t € T.

Theorem 2.2 (Arzela—Ascoli theorem (See [42, Lemma 4])) A subset of Cya(I, R)
which is both equicontinuous and bounded is relatively compact.

Theorem 2.3 (Krasnoselskii fixed point theorem (See [21, Theorem 11.2])) Let B be
a Banach space, C C B nonempty, closed and convex. Let Fy, F: C — B be such
that:
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(i) Fy is continuous and F)(C) is relatively compact.
(ii) Fy is a contraction.
(iii) Fi(x) + F2(y) € C forallx,y € C.

Then there exists X € C such that F1(X) + F2(X) = X.

In this paper, we employ the following notations. Let Crq(I, R") be the family of
all rd-continuous functions defined on I and taking values in R”, which is a Banach

space when coupled with the norm || - || defined as ||x|| := sup lx(@)|l,.. We let
tel

E := sup legp(t,s)| > 0
s,tel

and

t
n.= sup[ legp(t, s)|As > 0.
tel J1p

3 Existence and Uniqueness of Solutions

Lemma3.l Let p € RA,R), tp € T, xo € R", F € Cy(I x R* x R", R"), and
H e Cg(I x I x R*, R™). Then, x is a solution of (1)—(2) if and only if x is a solution
of the delta integral equation '

t

eop(t, s)F (s,x(s), [ H(s, ‘L',JC(T))ATI) As, telF.
o
3

x(t) = egp(t, to)xo + f

o

Proof Suppose x is a solution of (1)—~(2). Then, multiplying (1) by ep(z, f0), we get

t
(ep(-, 0)X)2 (1) = ep(t, 10)F (t,x(r),f i, r,x(t))Ar)-
10

Now, integrating the above equation from o to ¢ and then multiplying both sides by
esp(t, tp), we obtain (3). Conversely, suppose that (3) holds. Letting ¢ = #p in (3), we
find that (2) holds. Then, multiplying (3) by e,(t, fp), we obtain

t

ep(t, to)x(t) = x(to) + f

Iy

ep(s, 1) F (s, x5, fs H(s, T, x(r))At) As.
: fo

Now, differentiating the above equation, we get

t
(ep(', tO)X)A(t) = ep(t! IO)‘:'E' (t! X(f), f H(ts T, X(T))Af) &
o]

That is, (1) holds. This completes the proof. O
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Throughout this paper, we use following hypotheses to obtain our results:

(Hp) Let p € R(I, R).
(Hp) Let F: IxR" x R" — R” be rd-continuous in its first variable and continuous
in its second and third variables such that

IF (@, x1, y1) — Ft, x2, ) lln < LE@(Ix1 — x2lln + lly1 — y2lln) ()
forallt € Tand x;, y;, € R* (i = 1,2), where Ly € RT (I, R™).

(H3) Let H: I x I x R* — R" be rd-continuous in its first and second variables
and continuous in its third variable such that

IH (2, s, x1) = HE, 8, x2) |l < L)1 — X2l )

forall7.s € [and x; € R (i = 1,2), where Ly, € R+ (I, R™¥).
1

(Hy) n < LA —1)’ where L% 1= suﬁ: Lz(t)and LY, = sulﬁa L(s).
Vo H : e s€
1
(Hs) E < with L"j,._- and L;‘_{as in (Hy).

2L*(T — to)(1 + L3(T — 10))’

Theorem 3.2 Suppose (Hy) — (Hy) hold. If
Mj:‘ = SUP{”}—(Ss 0! lp)”!l: S ]I, llf € R”} < CO, (6)

then the dynamic problem (1)—(2) has a unique solution in Cea (I, R™).

Proof Existence: Consider a subset B, C Cyq such that
B, = {x € Cy(], R"): x|l <r},

where r = 2(E||x(t9) |l + nMx). Next, define the operator W: B, — Ciq by

t 5
WIx](t) = egp(t, to)x(f0) +f ecp(t,s)F (s, x(s), f H(s, r,x(r))Ar) As.
to fo
(7

Clearly, this opeator W is well-defined on B,. According to Lemma 3.1, a fixed point
of W is a solution of (1)=(2). In order to employ the Krasnoselskif fixed point theorem,
Theorem 2.3, we express (7) as

WIx](t) = Wilx1(@) + Walx](@),

where

egp(t, s)F (s, 0, j;s H(s, T, O)At) As (8)
0

t

WiKI(0) = ep t. 10)x(t0) + f

0]
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and

!

Whix]() = f eop(t,s) [.7—' (s,x(s), H(s, r,x(t))Ar)

to 10

WF(S,O,/ H(s,r,O)At)] As. )
o

We show that Wy: B, — Cyq is completely continuous and Wh: B, — Cy is a
contraction. Further, we show that if x, y € B,, then W) [x]+ Wa[y] € B,. The proof
will be given in the following steps.

Assertion 1, Wj : B, — Cyq is completely continuous.

It is clear that W, is continuous. We show that W is bounded. For x € B,

Wi lx]ll
t §
= sup (leap(t, t0)x(to) + f ecp(t, s)F (s, 0, H(s, T, O)Ar) As
tel i} Ly n
t 5
% Sup{leep(t, t0)|11x (20) |l +f leep(t, s ‘.7'— (S,O, HLS, T, O)Af) AS}
tel iy fy n

< Ellx()lln +nMF.

Thus, W [x] is bounded for x € B,. Next, for equicontinuity of Wy, let#;, , € L and
x € B,. Then

IWilx1(t2) — Wilx1(tD) lln
< legp(t2, to) — esp(t1, to)lllx (o)l

%) s i
f eopltz, s)F (s,O,f H(s, r,O)Ar) As
Ty fy

131 5
——[ eop(t, s)F (s,O,[ H(s, r,O)Ar) As
o to

< legp(t2, 10) — egp(t1, fo)|llx (t0) Il

+

n

As

n

"
+ legp(t2, fo)"—eep(tl,l‘o)lf lep (s, 1)
4]

i’f (s, 0, ' H(s, T, O)Ar)

iy

max{ty, 12}

+ legp (22, 10)| lep(s, to)l
min{t1,f}

S
< legp(ta, to) — eap(t1, o)l (IIX(to)lln + M}‘f lep (s, Io)1AS)
1y

0

As

n

F (s, 0, | He.r, O)Ar)

to

maxit .t}
Mz [ oyt )lAs

minfty,f}

< legp(t2, 10) — egp(t1, to)| (Ix o) lln + nMF) + EMx|tz — t1].
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It is seen that the right-hand side of the above inequality tends to zero as [, — 1| — 0.
Thus, W [x] is equicontinuous for x € B, and a standard application of the Arzela—
Ascoli theorem, Theorem 2.2, guarantees that W is compact and subsequently, is
completely continuous.

Assertion 2. Wa: B, — Cq is a contraction.

For x, y € B,, we have

IWa[x1(2) — Walyl(®lln
! s
Ef legp(t, 5)| J—'(s,x(s},] ’H(s,r,x(r))Ar)
to fg

As

n

t 5
< f leop(t, $)ILr(s) (le(s) = y(&)ln +f Ly (0)lx(r) — y(T)”nAT) As
fo

o

-F (s, y(s), ' H(s, T, y(t))Ar)

)]

t
< [ leop (s DILFE) + Li(s — )Ix() = y()llnAs
f

0

t
< L%+ LE(T — 10)) f leop(t, )1x(s) — Y(S)llnAs
fo

t
< L1 + Li(T —10)) f leap(t, )] Aslx — I
1o
< nL%(1 + Ly, (T — o) llx — yll.
In view of (Hy), we obtain that W is contraction.

Assertion 3. If x, y € B,, then W [x] + Why] € B;.
Letx,y € B,. Thenfort €

IWilx1() + Walyl(®)lla

eop(t, to)x(to) + f

Iy

t

: s
ecp(t, s)F (S,O,f: ‘H(s, T, O)Ar> As
0

-I—f eop(t,s) |:.77 (s,y(s), 24 20 y(r))/_\r)
f

0 ]

-F (s, 0, fs H(s, T, O)Ar)] As
10

t
< legp(®, 10)11lx (o) Il +[ leap(t, 5)
o

n

As

n

3
J-'(S,O,f H(s, T, O)Ar)
o

I3 5
+f leap(t, 5)| f(s,y(S),f H(s, T, y(f))Ar)
to to

-F (s,(),f H(s,r.O)Ar)
100] n

< Ellx(t0)lln + nMF + L1+ Liy(T = to))r.

As

Certified as
TRUE COPY

Ramniranian Thuninunwala College,
Ghubi&.\.}gua LWV s lv:idillbai-400086-



106 Page 100f 29 M. Bohner et al.

Using the definition of r and (H4), we write

IWLIx1(@) + Walyl(®)|l, <r forallz e L.

This gives
IWix1+Whlylll =7 forx,y € B,.

This shows that Wi [x]+ Wh[y] € B, forx, y € B,.

Thus, all the conditions of Theorem 2.3 are hold and we can deduce that the operator
W = Wi + W, has a fixed point in B, which is a solution of (1)—(2). It remains to
prove the uniqueness of the solution of (1)«(2).

Uniqueness: Assume that x, y € B, are two solutions of (1)—(2). Then for any # € I,

(H3) and (H3) yield the estimates
lx(®) — y(@)la

t
< [ leepte,9)

-F (s, y(s), fs H(s, T, y(r))Ar)
i)

’.7: (s,x(s), fs H(s, t,x(t))Ar)
tp

As

n

L@ (@) = y@)ll, Ar) As.

ﬁf ELx(s) (;Ix(s) _)’(S)l|n+f
1

0 To

Now, in view Theorem 2.1, we obtain

lx(t) — (@), <0 forallt e,

that is, x = y. This completes the proof. O
Remark 3.1 If H = 0, then Theorem 3.2 coincides with [9, Theorem 4.1].

Corollary 3.1 Suppose (H1) — (H3) and (Hs) hold. If (6) holds, then the dynamic
problem (1)—(2) has a unique solution.

Remark 3.2 Both Theorem 3.2 and Corollary 3.1 also hold if (H,) and (H3) are replaced
by the following.

(Hi2) LetF: IxR"xR"” — R" be rd-continuous in its first variable and continuous
in its second and third variables such that

lF @, x1, y1) — F(@t, x2, y)ln < Lrp@Ulx1 — x20ln + Iyt — y2lln)  (10)
forallt € Tand ||x;|l, <7, [|yills <7 G =1,2), with Ly € RT, R™).

(Hp3) Let’H: I x I x R? — R”" be rd-continuous in first and second variables and
continuous in third variable such that

WH(2, s, x1) — H(t, 5, x2)|ln < L ($) X1 — X2]ln (11)
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forallz,s € Tand ||x;]ln <7, lyille <7 @ =1,2), with Ly; € R*(I,RT).

Remark 3.3 If | F(t,u, V)|l < K forallt e Tandu,v € R”, then based on Theo-
rem 3.2, it is seen that any solution x of (1)—(2) satisfies

lx(r2) — x()ln

egp(r2, 10)x(to) + f
o
n

L]

)
eop(t2, s)F (s,x(s), ; H(s, r,x(r))At) As

—egp(ty, to)x(tg) — [

8
egp(t, s)F (s,x(s), H(s, ‘E,x(I’))A‘E) As
10

fo n

< legp(t2, t0) — eop(t1, t)llIx(t0)lln

4] 8 :
f egp(t2, s)F (s,x(s), H(s, t,x(r))Ar) As
t )]

0

+

t
_f l eop(tt, s)F (s,x(s), fs H(s, r,x(t))Ar) As
1 to

0

n

< leap(t2, 10) — eop(t1, o)l l1x(to)lln

5} 5
+ legp(t2, t0) — eep(n,to)%f lep (s, 1)1 ”F(s,x(s), Hs, r,x(t))Ar) As
fo )] n
max{ty,f} s
+ legp (22, t0) lep (s, fo)] ".77 (s,x{s), H(s, T,x(‘f))AI) As
min{r, %} fy n

< legp(t2, 10) — eop(t1, 1) (1x(t0)lln + EK(T —10)) + EK|t2 — 11| forallty,fp € L.

We now give an example of an NIDE of the type (1) such that all conditions of
Theorem 3.2 are satisfied.

Example 3.3 Let T be the time scale defined as

o0
T:= U[zk,2k+ 1.
k=0

This time scale appears in mathematical models of population dynamics of certain
species that reproduce at discrete time intervals and whose life span is one unit of
time. Consider the NIDE
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t
x2() + x°(t) = Lrsin (x(r) + f (sin x(s) + cos x(s) + 2t)As) , t € [to, T,
fo '
: (12)

with xg = 0, where

1
HES (0’ (2e)"*t1(2m + )(dm + 3)) : (13)

Wetake 19 = 0, T = 2m + 1, m € N. Here p(t) = 1. So p € R, and (H;) holds.
Moreover,

H(t,s,x) =sinx +cosx +2¢ and F(t,x,y) = Lrsin(x + ).
We note that (I;) satisfied, since
[F(t, x1(2), y1(2)) — F(t, x2(2), y2(£)| = Lr|sin(x(t) + y1(2)) — sin(x2(#) + y2(0)I

< Ly|x1(t) — x2() + y1(2) = y2(0)|
< Le(lx1(®) — x20| + 1y1(2) — 20

Further,
TH(t, s, x1(8)) — H(L, s, x2(5))| < |sinxi(s) — sinx2(s)| 4 | cos x1(s) — cos x2(s)]

< 2|x1(s) — x2(8)|.

Hence, (H3) is satisfied with Ly = 2. Now, since
t
n=  sup f es1(t, s)As = ey 2m + 1),
0

te[0,2m+117

we find that (Hy) satisfied with Ly = 2 and L £ given in (13). Thus, all conditions of
Theorem 3.2 are satisfied and therefore, by Theorem 3.2, the NIDE (12) has a unique
solution on [0, 2m + 1]T.

4 Estimate and Data Dependence for Solutions

Throughout the rest of the paper, we denote « = ELF + L.

Our first result in this section concerns the a priori estimate for the possible solutions
to (1)-(2).

Theorem 4.1 Suppose (Hy) — (H3) hold. If x is the solution of (1)-(2) defined by
Theorem 3.2, then :

1%l < (Ellxolln + nMF) ea(T, t0). (14)
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Proof According to Lemma 3.1, x(¢) is given by
t l s
x(t) = egp(t, to)xo + f eop(t, s)F (s, x(s), f Hs, =, x(r))Ar) As.
fo 4]
We rewrite the above equation as

t

x(t) = egp(t, to)xo + f ecpl(t,s) |:.7: (s, (s} ]s H(s, r,x(r))Ar)
to fo

5
-F (S,O,f H(s, T, O)Ar)] As
10

I3 5
—|—f ecp(t, s)F (S,O,/ H(s,r,O)Ar) As.
10 to

Now, (Hp) and (Hs3) yields

t

lx(@llx < Ellxolln +nMx +j

|

ELx(s) (1!¥(s)!ln + f LH(r)nx(r)u,,Az) As.
I

0

Finally, employing the Gronwall inequality given in Theorem 2.1 (b) and keeping in
mind the increasing nature of the exponential function in the first argument, we obtain

Ix@®lln < (Ellxolln + nMF) ea(T', t0),
and (14) follows easily. O

Remark.4.1 Under the conditions of Theorem 4.1 with the same calculation, and keep-
ing in mind the inequality from Theorem 2.1 (), we infer that the solution x of (1)—(2)
satisfies the estimate

T
lxll < (Ellxoll +nMF) [1 +f ELF(s)eals, ro)AS] :
1

0

Example 4.2 From Example 3.3, according to Lemma 3.1, the unique solution of NIDE
(12) is given by

t 5
x(t) = L;}-‘/ eq1(t, s)sin (x(s) -+ f [sin(x(1)) + cos(x (7)) + 2S]A‘C) As
0 0

§

t N
= Lg:f ec1(t, 5)sin (x(s) +f sin(x (7)) AT +f cos(x(T))AT + 232) As.
0 0 0

Keeping in mind (13) and the boundedness of ‘sine’ function, we obtain
Ixll < Lre)™* @m +1)
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1

= dm +3°

Hence the solution of NIDE (12) is bounded and the bound is

dm +3°

We now turn our attention to the results concerning dependence of solutions on
various quantities. Below we prove the dependence of solutions on initial conditions.
For this, first we consider the dynamic equation

t
YA + p@)y° (1) = f(t,y(t),/ H(t,s,y(S))As), teTt, (15)
o
subject to the initial condition

y(to) = yo € R™. (16)

Theorem 4.3 (Dependence on initial conditions) Assume that the functions F and H
in NIDEs (1) and (15) satisfy (Hy) and (H3). If x and y are the solutions of (1)~(2)
and (15)—-(16), respectively, then the inequality

lx — »ll < Ellxo — yollea(T, to) a7
holds. Additionally, if ||xo — yolln < & for some § > 0, then we have
llx — yll < Edeq(T, t9). (18)

Proof In view of Lemma 3.1, the solutions x and y of (1)~(2) and (15)-(16), respec-
tively, are given by

eop(t, s)F (S,x(s),f H(s, r,x('c))/_\r) As
)

t
x(6) = eop(t, 10)%0 + f
fo
and
t s
y(t) = egp(t, t0)yo +j ecp(t, s)F (s, y(s),] His, T, y(r))Ar) As.
o

fo

Then for each ¢ € I, we have
lx(#) — y(@)lln
it Ry
=< leap®, t0)] llxo — yoll,, +f lesp(t, 9)| “}" (s,x(S),f ’H(S,t,x(r))m)
to tp

-F (s,y(s),f H(s, T, y(r))Ar) As.
fo n
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Now, (Hp) and (H3) lead to

llx(2) — y(r)"n
< E llxo — yoll,

1 Ky
+ f E L#(s) (llx(s) — @), + f Li(@) Ix (@) = y@)l, Ar) As.
I 1

0 0

Employing the Gronwall inequality given in Theorem 2.1 (b) and keeping in mind the
increasing nature of the exponential function in the first argument, we obtain, for all
tel

lx(®) — y®lln < E llxo — yoll, € (T, fo).
Indeed, (17) and (18) follow from the above inequality. |

Remark 4.2 Under the conditions of Theorem 4.3 with the same calculation, and keep-
ing in mind the inequality from Theorem 2.1 (a), we obtain the inequality

. .
lx —yll < ES [1 +f E Lr(s)eq(s, m)AS} ;
fo

where ||xo — yoll,, < & for some 6 > 0.

Next, to obtain a result concerning the dependency of solution on functions involved
in the dynamic equation, we consider a variant form of the original NIDEs

2O+ p0f Q) =F (z, 20, 1 A, s, z(s))As) , tel¥, (19)
subject to the initial condition
z(tg) = zo € R". (20)

Theorem 4.4 (Dependence on functions) Assumé that the functions F and H in NIDE

(1) satisfy (Ha) and (H3) . Further, assume that there exists a constant S > 0 such
that

IF @, u1, v1) — Ft, uz, v)| < S

forallt € Land u;,vi € R" (i = 1,2). If x and z are the solutions of (1)~(2) and
(19)-(20), respectively, then '

lx —zll < (E8 + nS) ea(T, t0), 21
where ||xg — zoll,, < & for some é > 0.
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Proof Since x and z are the solutions of (1)—(2) and (19)-(20), respectively, using
Lemma 3.1, we write for 7 € I,

lx(#) = z2(@)ln

< legp(t, 1)l lxo — zoll,

! s
+f |e9p(t,s)| ”J’-‘(s,x(s),f H(s,r,x(r))Ar)
o Ip

—F (s, z(s), 'FZ(S, T, Z(T))Ar)

fo

As

n

< legp(t, to)l llxo — zoll,

f lesp (2, s)|} (5 x(s), ’H(s . x(r))Ar)

-F (s z(s),f H(s, T, z(r))Ar)

/ !eep(t S)I‘ (v, Z(S)’f Hs, r,z(r))/_\r)
1]

m]-"(s,z(s),f H(s, T, z(r))Ar)
o

< E|lxo — zoll,

1 §
-|~f ELF(s) (tlx(s) =z, +[ Ly (@) lx () = 2N, Af) As
Iy 1

0

As

As

n

t
+ 8 legp(t, s)|As
fy
!

< E |lxo — zolln +f ELF(s) (llx(s) = z(s)ll,

o

+f Ly () lx(z) =z, Ar) As + nS.
1

0

Employing the Gronwall inequality given in Theorem 2.1 (b) and keeping in mind the
increasing nature of the exponential function in the first argument, we obtain, for all
tel

X)) — 2Dl < (Ellxo — 20l + nS) ea (T, 10), (22)

and (21) follows easily. O

Remark 4.3 Under the conditions of Theorem 4.3 with the same calculation, and keep-
ing in mind the inequality from Theorem 2.1 (a), we obtain the inequality

T
lx —zll < (Eé +nS$) |:1 +f E Lr(s)eq(s, to)AS] ,
fo

where ||xo — zoll,, < 6 for some § > Q.
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Finally, to prove the result related with dependence on parameters, we consider
NIDEs involving parameters of the form

2() + p)x? (t) =J-“(t, Y1, x(t),f H(t,s,x(S))As>, t el (23)
o
t

x2(@) + p)x° (1) = F(t, Y2, x(t),f H(r,s,x(S))AS) , tel, (24)
ty

subject to the initial condition
x(tg) = xo € R, (25)
where y1, y2 € R.

Theorem 4.5 (Dependence on parameters) Let (H3) hold. Assume that there exist
Q, Q) > 0and Ly € RT(I,R") such that

N F (e, yi, w1, v1) — F &, vi, uz, v, = Qyz}‘(f) (lur — u2lln + llvy — v2lln)
and
NF@&, v1,ut, v1) — F@, v2, u1, v)lln £ Q1y1 — 2l

forallt € I,y; € Randu;,v; € R* (i = 1,2). If x| and x; are the solutions of
(23)—(25) and (24)—(25), respectively, then

lx1 — x2ll < 0y — yalez (T, 10), where@ = EQ,Lr+Ly.  (26)

Proof Since x; and x; are the solutions of (23)-(25) and (24)—(25), respectively, using
Lemma 3.1, we can write forall z € I,

x1(2) — x2(0) |l

t s
f eop(t, s) [f(s,y;,xl(a*),f H(s,t,xl(r))/_\r)
o 1]

-F (s,yg,xg(s),f H(s, r,xz(t))Ar)] As
Iy

n

Then

llx1(8) — x2(®) |l

t
- f leop(t: 5)|
Io

-F (S, V2, x2(s), f HiY, T,IZ(T))AI)
fo

J—"(s, y1, x1(8), fs H(s, t,xl(r))AI)
fy

As

n
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t 5
< f leep(r,s)lHf(s,m,xl(sx f H(s,r,xl(r))m)
fo o

-F (S, yz,m(s),[ H(s, T,x}(‘t))At) | As
Iy

n

! S
+f legp (2, $)| Hf(s,yz,xl(S),f H(s, r,x1(r))Ar)
fo Ip

As

n

_F (s‘ ¥2, X2(5), f H(s, T, xz(r))Ar)
10

t
< Qly — yzif leap(t, s)|As
0]

s

t ~
+f leap (2, s)IS2, L F(s) (le1(s)—xz(s)lin+f
)]

Iy

Ly (t)llx1(7) — x2(7)§|n) As

= nQly1 — »al

t - s
+f EQ, LF(s) (I|x1(S) — x2(8) |l +f Ly (@) x1(z) —xz(r)iin) As.
fo 1

Employing the Gronwall inequality given in Theorem 2.1 (b) and keeping in mind the
increasing nature of the exponential function in the first argument, we obtain (26). O

Remark 4.4 Under the conditions of Theorem 4.5 with the same calculation, and keep-
ing in mind the inequality from Theorem 2.1 (a), we obtain the inequality

T
llx1 — x2ll < nS2ly1 — yal [1 +] EQny(S)ea(s,ro)As]-
fo

5 Ulam Stability

In this section, we shall investigate Ulam stability for NIDE (1). For this, first we shall
introduce the following definitions.

Definition 5.1 We say that NIDE (1) has Hyers—Ulam stability if there exists a real
number Cx > 0 such that for each ¢ > 0 and foreach y € Crld (I, R"*) satisfying

<g¢ forallt e I,
n

!
yA@) + p@t)y’ @) = F (t, y@), | H(,s, y(S))AS)

o

(27)
there exists a solution x € Cq(I, R?) of (1) with
ly() — x|, <eCr forallt el
Here C £ is a so-called HUS constant,
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Definition 5.2 We say that NIDE (1) has generalised Hyers—Ulam stability if there
exists a function 87 € C(R*, R") with 67(0) = 0, such that foreach y € Crld I, R™)
satisfying (27), there exists a solution x € Cq(I, R") of (1) with

ly@) —x@®ll, <0r(e) forallz el

Definition 5.3 Let A be a family of positive, nondecreasing rd-continuous real-valued
functions defined on I. We say that NIDE (1) has Hyers—Ulam—Rassias stability of

type NV if for each y € N, there exists Cx .y > 0 such that for each y € CLi (I, R")
satisfying

<ey(t) forallt eI*,

n

t
YA + p)y° () = F (r, y(t),f H@, s, y(s))As)
fo

(28)
there exists a solution x € Crq(I, R") of (1) with
ly(®) —x@lln < Crye(t) foralt el

Here C#,y is a so-called HURS pr constant.

Definition 5.4 Let A be a family of positive, nondecreasing rd-continuous real-valued
functions defined on I. We say that NIDE (1) has generalised Hyers—Ulam-Rassias
stability of type A if for each ¥ € N, there exists Cx y > 0 such that for each
y € C:d (I, R™) satisfying

< y(t) forallt el¥,

t
yA@) +p@)y’ () —F (f, y(t),f HE, s y(S))AS)
i)

n

(29)

there exists a solution x € Ca(I, R") of (1) with

ly() —x(@®)lln < Cryy(t) foraltel
Here C £y is a so-called GHURS js constant.

Remark 5.1 A function y € Cﬁd (T, R™) is a solution of (28) if there exists a function
G e CL (I, R™) (which depends on y) such that

@ 1GOOI, <ew() forallsel,
Gi) y2() + p(t)y® (t) = f(t, Y@, JL @, s, y(s))As) +G@) foralls e I¥.

Theorem 5.1 Let (H}) hold and the functions F and H in NIDE (1) satisfy (H») and
(H»). Assume that there exists A > 0 such that for every ¥ € N and forallt € ],

t
[ teoptt. s < 0. (30)
fo
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Then the NIDE (1) has Hyers—Ulam—Rassias stability of type N with HURS A constant
Aey (T, tg).

Proof Lety € ng (I, R™) satisfy (28). Then, by Remark 5.1, we have

t
yﬁ"(t) + p)y () =F (r, y(t),[ Ht, s, y(s))As) + G(t) forallt eI,
Iy

Now, Lemma 3.1 implies that

t §
y(t) = egplt, t9) y(to) —}—f esp(t,s) [F (s, y(s),f H(s, T, y(t))Ar) -+ g(s)jl As,
0

fo

t N
= egp(t, 19) y(to) —I—/ ecp(t, s)F (s, y(s),/ H(s, 1, y(r))At) As
o

fy

t
+ f eop(t, 5) G(s)As
It

0

forall 1 € I. Then

t

”)’(1) —egp(t, to) y(to) — f

o

eop(t, s)F (s’, ¥(s), [ Hs, T, y(r))At) As
0

n

1
g f leop(t, )Y (s) As.
i

Thus, in view of (30), we obtain

t Ay
”y(t) - e@p(t9 tO) Y(tO) i f e@])(ta S)j: (S, y(S)s f H(S, T, )’(f))Af) As
fo

fo n

< eAy() (1)

forallz € . Let x € Cq (I, R"?) be the solution of the dynamic problem

t
x2@) + p)x° (1) = f(t, x(r),f 'H(t,s,x(S))AS) . tel,
fo -
x(tp) = y(t0).

Then, we have

x(1) = egp(t, to) y(to)

t s
‘|‘[ eop(t, s)F (S,x(é‘),[ H(s, t,x(r))Ar) As forallt el.  (32)
1 )]

0

From (31), (32), and using (H;) and (H3), we have
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Iy (@) — x (@)l (33)

t
=

J(E) — eap t, f0)ylio) — f

L]

’}" (S, )'(S),f H(S,T,J’(f))AT)
0]

- (S,x(s),fs 'H(s,r,x(r))Ar)
fo

egp(t, s)F (s, y(s), fos H(s, T, y(r))Ar) As

n

t
+f leap(t, 5)]

0

As -

n

!

< P () + f

1o

ELx(s) (Ily(s) —x@)ll, + f Ly (@) [lly(z) — x (@)l ] Ar) As.
0]
(34)

Employing the Gronwall inequality given in Theorem 2.1 (b) and keeping in mind the
increasing nature of the exponential function in the first argument, we obtain

ly@) — x@)lln < ery(t)ea(T, 10).

This yields
ly@) —x@®lln <eCry(t) foralsel,

where Cr y = Aeq (T, t). Thus NIDE (1) has Hyers—Ulam-Rassias stability of type
N with HURS s constant Aeq (T, fp). ; o

Corollary 5.1 Let (Hy) hold and the functions F and 'H in NIDE (1) satisfy the condi-
tions of Theorem 5.1. Then NIDE (1) has generalized Hyers—Ulam—Rassias stability
of type N with GHURS pr constant Aey (T, tp).

Proof Taking ¢ = 1 in the proof of Theorem 5.1 we obtain that NIDE (1) has gener-

alized Hyers—Ulam—Rassias stability of type A" with GHURS s constant Ae, (T, 19).
[}

Remark 5.2 Employing the inequality from Theorem 2.1 (a) to (33) we infer that NIDE
(1) has Hyers—Ulam-Rassias stability of type A as well as generalized Hyers—Ulam—
Rassias stability of type A/ with

T
A[1+f EL}-(s)ea(T,to)As]
Iy

being both the HURS oy and GHURS 5/ constant.

Corollary 5.2 Let (H,) hold and the functions F and 'H in NIDE (1) satisfies (H) and
(H3). Then NIDE (1) has Hyers—Ulam stable stability with HUS constant ney (T , tp).

Proof Take ¥/ (t) = 1. Then

"
f leap(t, $)|(s)As <n forallt € I,
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and from the proof of Theorem 5.1, we obtain

ly@) —x@)ll, <eCx forallt e L (35)

This proves that (1) has Hyers—Ulam stability with HUS constant C F =nex (T, 1p).
O

Corollary 5.3 Let (H1) hold and the functions F and H in (1) satisfy (Hy) and (Hz).
Then (1) has generalized Hyers—Ulam stability of type N.

Proof Define 0 (¢) := & Cr. Clearly 6 € C(RT, R*) and 0£(0) = 0. Then (35)
takes the form,

ly() —x(@®)| <0x() forallt el.

This proves that NIDE (1) has generalized Hyers-Ulam stability of type NV. m}

Remark 5.3 Employing the inequality from Theorem 2.1 (a) to (33) we infer that NIDE
(1) has Hyers—Ulam stability as well as generalized Hyers—Ulam stability with

T
n [1 +f ELJ—"(S)ea(T,to)AS]
Iy

being the HUS constant.

The following example illustrates the results obtained in this section.

Example 5.2 Let

o0
P U[2k, 2k + 1]
k=0

and consider the NIDE

I3 &
x%ﬂ+x%ﬂ=Lfam+aﬁ”+Lf]' *(s)

As, teln, TN, 36
e T T [t0, T1lp,  (36)

with x(fp) = 0, where

1
s (O’ e)"*+12m + 1)(2m + 2)) ' (37)

Wetake 10 = 0, T = 2m + 1, m € N. Here p(t) = 1. So p € R, and (H;) holds.
Moreover,

Ht, s, %) = and F(t,x,y) = Lr((x +3)/2 +y),

X
1+x
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We note that (Hj) is satisfied, since

IF (e, 210, 310) = F, 520, y20)]
= L (|10 +3)2 = 2 + 32| + 1) = »20))

and, by [7, Corollary 1.68], we can write
| F(t, x1(8), y1(2)) — F(t, x2(8), y2(1))|

< Lz |sup
zeR

(Z_Z_:g—)l/’z Ix1(t) — x2()| + |y1(8) — yz(m)

< Lr(lx1 —x2| + 1y1 — »20)-

Also,

x1(s) x2(s)
L+xi(s)  1+x(s)
_ x1(s) — x2(s)
A+ x1()) A+ x2(s))

< lx1(s) — x2(s)l.

|H(t, 5, x1(5)) — (¢, 5, x2(s))| =

Hence, (H3) is satisfied with Ly; = 1. Further, since

: :
n=  sup f eo1(t, 5)As = (2e)" 1 (2m + 1),
tel0,2m+1]7 v 0O

we find that (Hy) is satisfied with Ly, = 1 and Lz given in (37). Therefore, all the

conditions of Theorem 3.2 are satisfied. Hence, NIDE (36) has a unique solution. In
fact, by Lemma 3.1, this unique solution is given by

x(t) =L_7rf
0

Further, if y € C1,([0, 2m + 1]t, R) satisfies

t

: 2, [0 20 )
ec1(t, s) ((x(s)+3) +/(; 1~}~x(r)AT As.

Ay +y° () — Le( (I)+3)1/2—ft—y(9—~—1}.s|<£
y y FQ - | e =

then by Corollary 5.2, there exists a solution x of NIDE (36) satisfying
ly(t) — x()| < £Qe)"*! 2m + Dea@m +1,0),

where o = (2¢)™t! L+ + 1. Hence, NIDE (36) has Hyers—Ulam stability with HUS
constant (2¢)" 1 (2m +1)ey (2m +1, 0). We refer to Fig. 1 for a picture of the solution
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t
Fig.1 The solution x of (36) withm = 2 and L e 0.0002

of (36) when m = 2 and L = 0.0002 (which satisfies (37)). As there is no software
available to solve such problems on time scales, we explain now how we were able
to depict this solution. We used the general-purpose MATLAB® code IDSOLVER by
Gelmi and Jorquera [11], with slight modifications, in combination with manual cal-
culations in order to account for the special structure of the time scale. To begin with,
we replaced the last line in the IDSOLVER with

dy(n) =c(x, y(1)) + d(x) * quadl(@(s)
k(x, s). x ys(s)./(1 + ys(s)), alpha(x), beta(x), TolQuad);

Step 1
First, we solved (36) on [0, 1], with the initial condition x(0) = 0, using the code

Xinterval = [01];

n=1;

InitCond = 0;

c= @(x,v)0.0002. *x sqrt(y +3) — v

d=@(x)1; Certified as
TRUE COPY
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k= @(x,s)0.0002;

alpha = @(x)0;

beta = @ (x)x;

Tol =1e— 30;

Flag = 0;

idsolver(xinterval,n, InitCond, ¢, 4, k, alpha, beta, Tol, Flag)

This produced the left part of the graph in Fig. 1, as well as the values

x(1) & 0.000218985443791 =: £,
x(17) =~ 0.000218972695594 =: £, with 17 := 0.999899989999,

which were used to approximate

14+ x(s) 1-1-
~0.00015930590286625453724869533495221.

1 _ g
A :=f *($) A g~ 5000 (gl Lok ) g
0

Step 2
Next, we manually solved (36) for ¢ = 1, with the initial condition x(1) = §i, so
@) _ £1+0.0002 (VB +3+ 1)
o 3 ;

~0.00028272005469256373461090156373461 =: &.

Step 3
Next, we solved (36) on [2, 3], i.e.,

tox(s)
14+ x(s)

5,

X () + x(¢) = 0.0002/x(¢) + 3 + 0.000212 + 0.0002[
2

where

2 x(s) £
= A': -
2 .[0 R i A

~0.00037824340253172780167184558590068,

with the initial condition x(2) = &>, using the same code as in Step 1, with obvious
modifications in lines 1, 3, 4, and 7. This produced the middle part of the graph in
Figure 1, as well as the values

x(3) ~ 0.000323061106953 =: &3,
x(37) ~ 0.000323058756143 =: &, with 37 :=2.999899989999,
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which were used to approximate

_ P xs 3 x(s)
43 '_fo 1-|—x(s)As _k2+_/2 1+x(s)AS
A45000 (5,:3 + s;__,ff_ ) -V&+3

~0.00069021594828844142473145045426559.

Step 4 :
Next, we manually solved (36) for ¢+ = 3, with the initial condition x(3) = &3, 50
@ &3 +0.0002 (&3 +3 + A3)
x —
2

~0.00033481398154801175287459501175287 =: &,.

Step 5
Next, we solved (36) on [4, 5], i.e.,

t
xX'(#) + x(£) = 0.0002/x (1) + 3 + 0.000224 + 0.0002 f 1 j_(;)( sds,
4 5

where

e &3
A = As = 3+ ——
. [0 Ly Ty

~0.00101317272046912276598162442032,

with the initial condition x(4) = &, using the same code as in Step 1, with obvious
modifications in lines 1, 3, 4, and 7. This produced the right part of the graph in
Figure 1.

6 Concluding Remark

A new type of nonlinear integro-dynamic equations on time scales (1) was consid-
ered and several qualitative results are derived in an effective way. We have derived
the existence of the solution of this equation using the fixed point theorem of Kras-
noselskii. The uniqueness of solution, dependence of solutions on various data, and
Ulam stability are investigated mainly employing Gronwall-type dynamic inequali-
ties. To illustrate the applicability of the main results of this paper, we have provided
three examples on a nonstandard time scale domain. As there is no software avail-
able to solve such types of integro-dynamic equations on time scales, we rewrote a
MATLAB®code from the literature, ran this code for one of the examples with some
manual calculations, and then plotted the solution. The results obtained in this paper
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are new, original, and could be useful tools for researchers working in related areas.
Moreover, we emphasize that other qualitative properties like oscillation and nonoscil-
lation, asymptotic behaviour, and controllability of solutions would be an interesting
topics for future research.
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