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APPLICATIONS OF DIFFERENTIAL TRANSFORM AND BELL
POLYNOMIALS TO VARIOUS TYPES OF DIFFERENTIAL
EQUATIONS

GIRIRAJ METHI, ANIL KUMAR, RUPAL AGGARWAL, AND SANKET TIKARE

ABSTRACT. In this paper, a new technique using differential transform and Bell
polynomials is proposed and applied to some different types of nonlinear delay
differential equations (NDDEs) and fractional differential equations. Differential
transform converts the problem into recursive relation and Bell polynomials deal
with various forms of nonlinearity. The presented technique can be considered
a simple and efficient tool for solving NDDEs. The proposed technique has
been investigated on three concrete problems. The absolute error and maximum
absolute errors are computed to show the efficiency and reliability of the presented
method.

1. INTRODUCTION

Differential transform method (DTM) has been introduced by Pukhov [15] and
Zhou [23] as ‘Taylor transform’ and applied it to the study of electrical circuits.
DTM has close relation with Taylor expansion of real analytic functions. It has
applications in solving different types of problems for all classes of differential equa-
tions (ordinary, partial, delayed, fractional, fuzzy etc.). The recent developments
and applications of DTM are discussed in [1,9,11,12,17,20,21] and references therein.

DTM is an iterative method for determining the series solution of both linear and
nonlinear differential equations. In comparison to the traditional series method,
which requires symbolic computation, DTM transforms the differential equation
into algebraic equations that can be solved recursively.

Many series solution methods such as Adomian decomposition method, Varia-
tional iteration method, Homotopy perturbation method, and including differential
transform method are difficult to apply on problems containing nonlinear terms.
Hence, it is essential to find a technique to deal with problems involving nonlinear
terms. We propose application of Bell polynomials to handle nonlinearity. Bell
polynomials were first used to examine set partitions. Bell polynomials appear in a
variety of applications, including combinatorics, analysis, statistics, and so on [7].

In the present paper, application of differential transform together with Bell
polynomials is studied on nonlinear delay and fractional differential equations. The
error analysis is discussed in detail.

The paper is organized as follows. In Section 2, we introduce the main idea and
basic formulae of the differential transformation and provide necessary results for
the nonlinearities involving partial ordinary Bell polynomials. Applications of the
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proposed method are presented in Section 3. The conclusion is discussed in Section
4.

2. DESCRIPTION OF THE METHOD

In this section, we discuss the main idea and basic formulae of the differential
transformation as well as notations and results related to the transformation of
general nonlinear terms.

2.1. Idea of differential transform. Let w be a real analytical function in a
domain 2 and vy be an arbitrary point in 2. Then, w can be expanded in a Taylor
series in a neighbourhood of the point vy [16].

Definition 2.1. The differential transform of k*® derivative of the function w at v
is defined as

(2.1) W (k)[vol :=

1 [dakw(v)}
(ak+1) [ dvok | _ 7

where 0 < o < 1 and W (k)[vo] represents differential transform of w(v) at v = vy.

Definition 2.2. The inverse differential transformation is given by
o

(2.2) w(v) =Y W(k)[vo] (v — vo)**
k=0

Using definitions 2.1 and 2.2, function w can be represented in the form of Taylor
series:

1 [dakw(v) ok,

(2.3) w(v) = kZ::O Tok+1) | doot LUO (v =1

The solution is approximated by
(2.4) w(v) =Y W(k)[vo] (v — vo)**
k=0

2.2. Faa di Bruno formula and Bell polynomials. Some necessary notations
and definitions of Bell polynomials are given below.

Lemma 2.3 ([9]). The partial ordinary Bell polynomials Ek,l(ﬁz\l, ey Ty1), L=

0,1,2,..., k > satisfy the recurrence relation
k—1+1 il
(2.5) Bea(@1, ., Broip1) = Y T EiBe—i—1 (@1 Bhicira),
=1

where 3\070 =1 and Ek,o =0 fork>1.

Theorem 2.4 ([9]). Assuming g and f to be analytic functions near vy and g(vo)
respectively, and h is the composition defined as h(v) = (f o g)(v) = f(g(v)) for all
v € R. Let the differential transform of functions g, f, and h respectively, at v,
g(vo), and vy are denoted by G(k), F(k), and H(k) respectively. Then, H(k) satisfy
the recursive relation

H(0) = F(0),
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(2.6) H(k) = Y F()Biy(GQ),...,G(k—1+1)) for k> 1,

where B\k,l are Bell polynomials as in Lemma 2.5.

Theorem 2.5. Assuming g and f to be analytic functions near vy and g(vg) re-
spectively, and h is the composite defined as h(v) = (f o g)(v) = f <g(%)) for all
v € R and B # 0. Let the differential transform of functions g, f, and h respectively

at vg, g(vg), and vy are denoted by G(k), F(k), and H(k) respectively. Then, H (k)
satisfy the relations

H(0) = F(0),
1\F& .
2.7)  H(k) = <B> SCFWB(G(1),..., Gk —1+1)) for k> 1,
=1

where Ek,l are Bell polynomials as in Lemma 2.3.

2.3. Error estimate. For comparison [13], absolute error and maximum absolute
error are computed and defined as
En(v) := |w(v) —wn (v)],
EN o = max En(v),
0<v<1

where w is the analytical solution and wy is the truncated series solution with
degree N. Furthermore, the relative error between exact and approximate solution
is defined by
EN(?}>
Ry(v) := ——.
|w(v)]

3. APPLICATIONS

In this section, three examples are discussed to show accuracy and robustness of
the presented method. The MATHEMATICA software version 11 has been used
for numerical computations.

Example 3.1. Consider the following nonlinear proportional DDE

(3.1) w”(v):2w’(v)—w(§> +1In (w <£)> +\/m—%, 0<v<1

with initial conditions

(3.2) w(0) =1 and w'(0) = 2.
The exact solution of (3.1)—(3.2) is given by
(3.3) w (v) = e*.

For g1(v) = w(}) and fi(x) = In(z), we write h1(v) = fi1(g1(v)). Also, for go(v) =
w(v) and fo(z) = Vx, we write ho(v) = fa(g2(v)). Let Fi(k) be the differential
transform of fi(z). Then, using Definition 2.1, we get

(71)k+1

(3.4) Fi(k) = ~—

o k> 1
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Let Hi(k) be the differential transform of hq(v).

obtain

Hy(0) =

(3.5) Hy(k) =

0,

15 o .
<4 > ZFI(Z)Bk,l (W(l),,W(k)—l—i—l)) for k > 1.
=1
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Then, using Theorem 2.5, we

Let Fy(k) be the Differential transform of fo(x). Then, using Definition 2.1, we get

(3.6)
obtain

H(0)
(3.7) Hy(k)

Fy(k) =
Let Hs(k) be the differential transform of ha(v).

=1

nn—1)...(n—k+1)

)

k
> F(l)Bry (W(1),...,W(k—1+1)) for k> 1.
=1

1
h = —
, where n X

Then, using Theorem 2.4, we

Now, applying differential transform to (3.1)—(3.2), we obtain the following recursive

relation

(3.8)  W(k+2) =

1

(k+1)(k+2)
() - 500 1))
(3.9) W(0) = 1 and W(1) = 2.

<2(K +)W(k+1) - zikW(/c) + Hy (k)

Solving equations (3.4)—(3.9), we obtain different components. Now, with the help
of Equation (2.4), the series solution is given by

(3.10)

4
w) =1+204 202+ -3 + ...,

3

which converges to the exact solution given by (3.3).

TABLE 1. Comparison of numerical solution w with the exact solu-
tion when N = 12 for Example 1

w(v)

wy (v)

Ry (v)

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

1.221402758
1.491824698
1.822118800
2.225540928
2.718281828
3.320116923
4.055199967
4.953032424
6.049647464
7.389056099

1.221402758
1.491824698
1.822118800
2.225540928
2.718281826
3.320116902
4.055199834
4.953031755
6.049644666
7.389046016

0
24E-14
2.6E-12
6.8E-11
8.3E-10
6.1E-09
3.2E-08
1.3E-07
4.6E-07
1.3E-06
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TABLE 2. Maximum absolute errors for w of Example 1
N EN,oo
5 3.8E-01

10 3.4E-04
15 2.8E-08
0.00010 ;
: -®@- N=5
l' =»- N=10
0.00008 1 I N=15
e
0.00006 - H X
1 1
1 1
1 1
1 1
0.00004 - ! /
1 /
1 1
! /
0.00002 1 I Y
1 //
) o
I 0;4 0:6 0r8 1:0
A\

0.00000

FIGURE 1. Absolute errors for w when N=5, 10, and 15 of Example 1
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(for N=12) for Example 1.

(01

FiGUurE 2. Comparison of the exact solution and present solution

€ (1,2),

Example 3.2. Consider the following nonlinear fractional differential equation

(3.11) D%w(v)
with initial conditions

(3.12)

2w(v) 4+ 4w(v) Inw(v),

w(0) =1 and w'(0) = 0.
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Denote h(v) = f(g(v)), where g(v) = w(v) and f(x) = In(z). Let F(k) be the
differential transform of f(z). Then, using Definition 2.1, we get

(_1)k+1
(3.13) F(k)="——, k=1
Let H (k) be the differential transform of h(v). Then, using Theorem 2.4, we obtain
H(0) = 0,
k A~
(3.14) H(k) = Y FO)Bpy(W(1),...,W(k—1+1)) for k> 1.
1=1

Now, applying differential transform to equations (3.11)—(3.12), we obtain the fol-
lowing recursive relation
F'(a(k+1)+1)
r (a% + 1)
(3.16) W(0)=1 and W(1) = 0.

(3.15)

k
W(k+2)=2W(k)+4> W(r)H(k—r),
r=0

Solving equation (3.13)—(3.16), we obtain different component. Now, with the
help of Equation (2.4), the series solution for v = 2 is given by

1 1
(3.17) w(v):1+v2+§v4+6v6+...,

which converges to the exact solution given by

2

(3.18) w(v) =e".

TABLE 3. Comparison of numerical solution w with different values
of o for Example 2

v wy(v) for a=2 wy(v) for a=1.99 wy(v) for « =1.95 wy(v) for a =1.90 wy(v) for o =1.85

0.1 1.010050167 1.010144209 1.010525278 1.011012331 1.011510739
0.2 1.040810774 1.041205798 1.042810939 1.044873477 1.046997849
0.3 1.094174284 1.095137146 1.099067149 1.104160431 1.109461171
0.4 1.173510871 1.175420158 1.183259688 1.193536138 1.204379579
0.5 1.284025416 1.287443822 1.301582247 1.320374366 1.340537904
0.6 1.433329407 1.439111099 1.463226635 1.495799037 1.531432718
0.7 1.632316133 1.641771686 1.681588142 1.736351593 1.79759037

0.8 1.896480128 1.911635342 1.976131092 2.066647508 2.170379997
0.9 2.247902941 2.271911016 2.375280172 2.523628315 2.698335611
1.0 2.718253968 2.756059233 2.920930112 3.163425691 3.457747953

Example 3.3. Consider the following nonlinear fractional differential equation
(3.19) Dw(v) +e”™ =0, ac(0,1),
with initial condition

(3.20) w(0) = 0.
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Ficure 3. Comparison for different values of a for Example 2

Denote h(v) = f(g(v)), where g(v) = w(v) and f(x) = e®. Let F (k) be the
differential transform of f (x). Then, this F' is given by

(3.21) F(k)=—.

H0) = 1,
k

(3.22) H(k) = Y FU)Bu(W(1),...,W(k—1+1)) for k > 1.
=1

Now, applying differential transform to equations (3.19)—(3.20), we obtain the fol-
lowing recursive relation

Fla(k+1)+1)
I(ak+1)
(3.24) W) = o.

(3.23)

W(k+1) = —H(k) and

Solving equations (3.21)—(3.23), we obtain different component. Now, with the
help of equation (2.4), the series solution for o = 1 is given by

v? 3wt WP

(3.25) w(v):—v+?—§+Z—g+...,

which converges to the exact solution given by

(3.26) w(v) = —1 —In(v).
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TABLE 4. Comparison of numerical solution w with different values
of a for Example 3

v wy(v) for a=1 wy(v) for a=0.9 wy(v) for « =0.8 wy(v) for a = 0.7 wy(v) for a = 0.6

0.1 -0.095310333  -0.098510668 -0.100930158 -0.102723108 -0.103739694
0.2 -0.182330666 -0.188494575 -0.190887687 -0.193200417 -0.194111748
0.3 -0.262461000 -0.274656890 -0.272324251 -0.274604035 -0.275160766
0.4 -0.336981333  -0.363518996 -0.347766892 -0.350524314 -0.351990711
0.5 -0.407291666 -0.463853617 -0.420579417 -0.426249460 -0.432817976
0.6 -0.475152000 -0.587119947 -0.495723787 -0.510045147 -0.531024469
0.7 -0.542922333  -0.747898783 -0.580521500 -0.614434125 -0.667210693
0.8 -0.613802666  -0.964327650 -0.685414982 -0.757475839 -0.871248821
0.9 -0.692073000 -1.258535935 -0.824728973 -0.964046035 -1.184335782
1.0 -0.783333333 -1.657080012 -1.017431915 -1.267116376 -1.661046335
‘..h
—0.2 S
4] ass*issi:\x
—0.6 \:5\;&\\‘:)@\\)(\
< —0.81 v\:\:\\ T
* 10 AN AN
N, \
1] %= a=1 \\\~. .
-¥- 0=0.9 Vo,
~1.4 a=0.8 RN
-@- a=0.7 A
161 -@- «=0.6 \
0.2 0.4 0.6 0.8 1.0

FIGURE 4. Comparison for different values of « for Example 3

4. CONCLUSION

We have obtained approximate solutions for different types of nonlinear propor-
tional delay differential equations and fractional differential equations with initial
conditions using differential transform and Bell polynomials. The solution is calcu-
lated in the form of a convergent power series with easily computable components.
It is also worth pointing out that the advantages of the present method in place
of numerical methods are simplicity, robustness, and small size of calculation. The
present method is a very good tool to handle different types of nonlinearity easily.
Moreover, its small errors made it a powerful technique. Therefore, the present
method can be seen as a promising tool for solving different types of nonlinear
differential equations.
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