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Abstract
The purpose of this paper is to extend Chaplygin’s theorem to second-order neutral
differential equations with piecewise constant delay. We start with some auxiliary
results concerning upper and lower solutions of second-order neutral differential
equations. We then use these extended results to find bounds in terms of Chaplygin
sequences for the solution of the addressed problem. These bounds, formed by the
construction of upper and lower solutions, are shown to converge to the unique
solution of the equation. Finally, we show that the error estimates obtained are
sharper than those for ordinary and first-order neutral differential equations.

Keywords Chaplygin’s sequence · Neutral differential equations · Lower
solution · Upper solution

Mathematics Subject Classification 34K40 · 34K05

Communicated by S Ponnusamy.

& Mahammad Khuddush
khuddush89@gmail.com

Jervin Zen Lobo
zenlobo1990@gmail.com

Sanket Tikare
sankettikare@rjcollege.edu.in

1 Department of Mathematics, St. Xavier’s College, Mapusa, Goa 403 507, India

2 Department of Mathematics, Ramniranjan Jhunjhunwala College, Mumbai,
Maharashtra 400 086, India

3 Department of Mathematics, Dr. Lankapalli Bullayya College of Engineering, Resapuvanipalem,
Visakhapatnam 530013, India

123

The Journal of Analysis
https://doi.org/10.1007/s41478-023-00636-w(0123456789().,-volV)(0123456789().,-volV)

http://orcid.org/0000-0002-1236-8334
http://crossmark.crossref.org/dialog/?doi=10.1007/s41478-023-00636-w&amp;domain=pdf
https://doi.org/10.1007/s41478-023-00636-w
Admin
Rectangle

Admin
Rectangle

Admin
Rectangle



1 Introduction

Delay differential equations have been gaining a lot of interest owing to their
widespread applications in modeling several physical phenomenon, particularly
those appearing in biological systems. These equations exhibiting hybrid properties-
discrete and continuous, have been exhaustively studied, see [2, 8, 11, 15, 25], to
mention a few. Cooke and Wiener [7] extended these concepts, coupled with
comparison principles and the monotone iterative technique, to differential equations
with piecewise constant delay of generalized-type. Guyker [10] derived the existence
criteria for the eventually periodic solutions of this class of differential equations. In
2016, Marzban and Hoseini [22] developed useful computational techniques to
efficiently solve these equations. Later, Muminov [23] proposed a method that
reduces a 2n periodic solvable equation to a system of nþ 1 linear equations. Their
method is primarily to obtain periodical solutions of second-order neutral differential
equations with piecewise constant arguments. Cabada and Ferreiro [5] studied first-
order neutral differential equations with piecewise constant arguments coupled with
nonlinear boundary conditions. Chiu [6] obtained several qualitative results for
piecewise constant linear and nonlinear delay differential equations with impulsive
effects in addition to proving a variation of parameters formula with Green function-
type and Gronwall-type integral inequality.

Several methods like the method of quasilinearization [3] provide a monotone
sequence of approximations. These approximations are shown to converge to the
unique solution of the given nonlinear differential equation. In order to get better
results, these techniques were refined in [19] by loosening restrictions on the
nonlinear function. For nonlinear differential equations, the monotone iterative
technique was developed by Ladde and Lakshmikantham [17]. A variation of the
successive iteration approach that includes constructing a series of functions that
approximately get closer to the original solution was developed by Chaplygin in
1954. This method is known as the Chaplygin method. Lakshmikantham and Leela
[18] employed this method to study nonlinear ordinary differential equations. Later,
in 1980, Kamout [13] extended this method to first-order functional partial
differential equations. Zhukovskaya and Filippova [26] studied first-order delay
differential equations using Chaplygin’s method. Further, Kumari and Valaulikar [16]
employed Chaplygin’s method to study first-order neutral differential equations. The
Chaplygin method has been gaining momentum and has been applied to stochastic
differential equations by Soheili and Amini [24]. As studies on time scales has
become very popular since the end of the twentieth century, Jin and Zhang [12]
derived a generalized Chaplygin formula for nonholonomic systems, and studied the
Nöether theorem for generalized Chaplygin system on time scales. In 2020,
Zhukovskaya and Serova [27] obtained the existence theorem and an estimate for the
solution of a two-point boundary value problem for an implicit differential equation
with a deviating argument, which is similar to the Chaplygin theorem on differential
inequalities. Very recently, Benarab [4] gave an interesting application of Chaply-
gin’s method for solvability of the Cauchy problem of implicit differential equations
of order n in the construction of the estimates of the solution.
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Motivated by these facts, in this paper, we follow an approach more rigorous in
analysis and slightly different from [16] to extend Chaplygin’s method to second-
order neutral differential equations with piecewise constant deviating arguments of
the form

y00ðtÞ ¼ gðt; yðtÞ; y0ðtÞ; yð½t�Þ; y0ð½t�Þ; y00ð½t�ÞÞ; t 2 ½0;1Þ ð1Þ
with the initial conditions

yð0Þ ¼ a0; y
0ð0Þ ¼ a1; y

00ð0Þ ¼ a2; ð2Þ
where ai 2 R, i ¼ 0; 1; 2, ½�� denotes the greatest integer function, and g : E ! R,
E � Rþ � R5 is a bounded function satisfying the following conditions.

1. g is twice continuously differentiable.
2. g possess all second-order partial derivatives which are positive and sufficiently

small.

We shall show that the results obtained in this paper are better than those existing in
literature, and particularly in [16].

The rest of the paper is organized as follows. The following section provides all
necessary definitions, examples, lemmas, and extensions of existing results to
second-order neutral differential equations with piecewise constant deviating
arguments. In Sect. 3, we prove Chaplygin’s theorem using the Mean Value
Theorem and establish the error analysis which ascertains that the results in this paper
are better than those existing in literature. Section 4 summarizes the results obtained.
We conclude by giving future scope to motivate interested researchers.

2 Essential preliminaries

In this portion, we review several fundamental results that will come in handy later
on. The set of all real-valued continuous functions defined on I is denoted by CðI ;RÞ.
Throughout this manuscript, E will denote an open set on Rþ � R5.

Definition 1 A function y 2 Cð½0;1Þ;RÞ is said to be a solution of (1)–(2) if

(i) derivatives y0 and y00 exist at each t 2 ½0;1Þ except possibly at ½t� 2 ½0;1Þ
(where only one-sided derivatives exist).

(ii) Equation (1) holds on each interval ½n; nþ 1Þ � ½0;1Þ; n 2 N.
(iii) the conditions (2) hold.

Definition 2 Let p 2 Cð½0;1Þ;RÞ. We define the Dini derivatives, used in this
paper, as:
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DþpðtÞ ¼ lim sup
h!0þ

pðt þ hÞ � pðtÞ
h

¼ lim inf
h!0þ

pðt þ hÞ � pðtÞ
h

;

and with DþpðtÞ ¼ qðtÞ,

D2;þpðtÞ ¼ lim sup
h!0þ

qðt þ hÞ � qðtÞ
h

¼ lim inf
h!0þ

qðt þ hÞ � qðtÞ
h

:

Zygmund’s lemma that will be used is stated below.

Lemma 1 (Zygmund’s Lemma [18, Lemma 1.2.1]) Let u 2 Cð½0; bÞ;RÞ, b 2 Rþ be
such that DuðtÞ\0 for t 2 ½0; bÞ, D being a fixed Dini derivative. Then, u is
nonincreasing on ½0; bÞ. Further, if v;w 2 Cð½0; bÞ;RÞ, and for some fixed Dini
derivative D, DvðtÞ�wðtÞ for t 2 ½0; bÞ. Then, D2;þvðtÞ�wðtÞ for t 2 ½0; bÞ.
Lemma 2 [18, Lemma 1.3.1] Let g 2 CðE;RÞ and suppose that ½0; bÞ is the largest
interval on which the maximal solution f of (1)–(2) exists. Suppose ½0; s� is a compact
subinterval of ½0; bÞ. Then, there is an e0 [ 0 such that for 0\e\e0; the maximal
solution fðt; eÞ of (1)–(2) exists on ½0; s� and

lim
e!0

fðt; eÞ ¼ fðtÞ

uniformly on ½0; s�.
We now turn to define upper and lower solutions of the associated neutral

differential equation.

Definition 3 (Lower solution) Let p 2 Cð½0; b�;RÞ, b 2 Rþ be such that
DþpðtÞ;D2;þpðtÞ exist for t 2 ½0; b� and ðt; pðtÞ; p0ðtÞ; pð½t�Þ; p0ð½t�Þ; p00ð½t�ÞÞ 2 E.
We say that p is a lower solution of (1)–(2) if it satisfies the differential inequalities

D2;þpðtÞ� gðt; pðtÞ; p0ðtÞ; pð½t�Þ; p0ð½t�Þ; p00ð½t�ÞÞ; t 2 ½0; b�
and

pð0Þ� a0; p
0ð0Þ� a1; p

00ð0Þ� a2:

Definition 4 (Upper solution) Let q 2 Cð½0; b�;RÞ, b 2 Rþ be such that
DþqðtÞ;D2;þqðtÞ exist for t 2 ½0; b� and ðt; qðtÞ; q0ðtÞ; qð½t�Þ; q0ð½t�Þ; q00ð½t�ÞÞ 2 E.
We say that q is an upper solution of (1)–(2) if it satisfies the differential inequalities

D2;þqðtÞ	 gðt; qðtÞ; q0ðtÞ; qð½t�Þ; q0ð½t�Þ; q00ð½t�ÞÞ; t 2 ½0; b�
and

qð0Þ	 a0; q
0ð0Þ	 a1; q

00ð0Þ	 a2:

123

J. Z. Lobo et al.



Since Eq. (1) is relatively less studied, we give an example illustrating the upper
and lower solution.

Example 1 Consider the following second-order neutral differential equation

y00ðtÞ ¼ yðtÞ sinðy00ð½t�ÞÞ þ y0ðtÞ þ cosðyð½t�ÞÞ; t 2 ½0;1Þ; ð3Þ
with the initial conditions

yð0Þ ¼ y0ð0Þ ¼ y00ð0Þ ¼ 1: ð4Þ
Putting yðtÞ ¼ et in the right side of (3), we get

et sinðe½t�Þ þ et þ cosðe½t�Þ � et þ et þ 1 ¼ 2et þ 1:

Also, y00ðtÞ ¼ et � 2et þ 1. Thus, yðtÞ ¼ et is an upper solution of (3)–(4). Now,
putting yðtÞ ¼ e�t in the right side of (3), we get

e�t sinðe½�t�Þ � e�t þ cosðe½�t�Þ 	 � e�t � e�t � 1 ¼ �2e�t � 1:

Also, y00ðtÞ ¼ e�t 	 � 2e�t � 1. Thus, yðtÞ ¼ e�t is a lower solution of (3)–(4).

The Arzelà–Ascoli theorem that will be used is stated below.

Theorem 1 (See [14, Theorem 8.26]) Let I be a closed and bounded interval in R

and ffng be a sequence of functions that is uniformly bounded and equicontinuous on
I. Then there is a subsequence ffnkgk2N that converges uniformly on I.

We shall start by proving the following lemma which will be repeatedly used in
establishing our main results.

Lemma 3 Let g 2 CðE;RÞ be such that g(t,x,y,z,u,v) is strictly increasing in both z
and u for ðt; x; y; vÞ 2 ½0; bÞ � R3, b 2 Rþ. Assume that

gðt; x1; y1; z1; u1; v1Þ � gðt; x2; y2; z2; u2; v2Þ� L1ðx1 � x2Þ þ L2ðy1 � y2Þ
þ L3ðz1 � z2Þ þ L4ðu1 � u2Þ
þ L5ðv1 � v2Þ;

where x1 	 x2, y1 	 y2, z1 	 z2, u1 	 u2; v1 	 v2 and Li; i 2 f1; 2; 3; 4; 5g are positive
constants with L :¼ maxfL1; L2; L3; L4; L5g and L5 � 3L�2

9L . Suppose that p and q are,
respectively, lower and upper solutions of (1)–(2) satisfying the following conditions.

ðC1Þ For t 2 ½0; bÞ, b 2 Rþ,

ðt; pðtÞ; p0ðtÞ; pð½t�Þ; p0ð½t�Þ; p00ð½t�ÞÞ; ðt; qðtÞ; q0ðtÞ; qð½t�Þ; q0ð½t�Þ; q00ð½t�ÞÞ 2 E:

ðC1Þ pð0Þ� yð0Þ� qð0Þ; p0ð0Þ� y0ð0Þ� q0ð0Þ, and p00ð0Þ� y00ð0Þ� q00ð0Þ, where y
is the unique solution of (1)–(2).

Then pðtÞ� yðtÞ� qðtÞ for all t 2 ½0; bÞ, b 2 Rþ.
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Proof Let pn and qn denote, respectively, lower and upper solutions of (1)–(2) in
½n; nþ 1Þ, n 2 N0 such that fpng and fqng converge uniformly on ½0; bÞ to p and

q respectively. We shall prove pnðtÞ� ynðtÞ� qnðtÞ, t 2 ½n; nþ 1Þ, n 2 N0, where
fyng is a sequence of functions converging uniformly on ½0; bÞ to y, which is the
unique solution of (1)–(2). For this, we shall only show ynðtÞ� qnðtÞ for
t 2 ½n; nþ 1Þ and the proof for pnðtÞ� ynðtÞ, on the same interval is virtually
identical. Assume that gðt; qnðtÞ; q0nðtÞ; qnð½t�Þ; q0nð½t�Þ; q00nð½t�ÞÞ\q00nðtÞ. This gives for
t 2 ½n; nþ 1Þ

gðt; qnðtÞ; q0nðtÞ; qnðnÞ; q0nðnÞ; q00nðnÞÞ\q00nðtÞ:
Claim: ynðtÞ\qnðtÞ for t 2 ½n; nþ 1Þ.

If this is false, then there would exists n1 2 ½n; nþ 1Þ such that

qnðn1Þ ¼ ynðn1Þ; ynðtÞ\qnðtÞ for t 2 ðn; n1Þ; ð5Þ
and for t 2 ðn1; nþ 1Þ

ynðtÞ[ qnðtÞ:
Choose h[ 0 small enough so that nþ h\n1: Then,

qnðnþ hÞ ¼ qnðnÞ þ hq0nðnÞ and ynðnþ hÞ ¼ ynðnÞ þ hy0nðnÞ:
Now, from Eq. (5), we obtain qnðnþ hÞ � ynðnþ hÞ[ 0.
Then qnðnÞ þ hq0nðnÞ � ynðnÞ � hy0nðnÞ[ 0 which gives hðq0nðnÞ � y0nðnÞÞ[ 0.

That is, q0nðnÞ[ y0nðnÞ. Since h[ 0, y0nðn1 � hÞ\q0nðn1 � hÞ, we have
q0nðn1Þ � q0nðn1 � hÞ\y0nðn1Þ � y0nðn1 � hÞ, which results in,

q00nðn1Þ ¼ lim
h!0

q0nðn1Þ � q0nðn1 � hÞ
h

\ lim
h!0

y0nðn1Þ � y0nðn1 � hÞ
h

¼ y00nðn1Þ:

That is,
q00nðn1Þ\y00nðn1Þ: ð6Þ

Since g is strictly increasing and ynðn1Þ ¼ qnðn1Þ and y0nðnÞ\q0nðnÞ; it follows that
y00nðn1Þ� q00nðn1Þ; ð7Þ

which contradicts (6). Hence ynðtÞ\qnðtÞ for t 2 ½n; nþ 1Þ
Next, we define wnðtÞ :¼ ynðtÞ � ee3Lt for t 2 ½n; nþ 1Þ, where e[ 0 such that e

tends to 0 whenever n tending to 1. Then w0
nðtÞ ¼ y0nðtÞ � 3Lee3Lt. This gives

wnð0Þ ¼ ynð0Þ � e\ynð0Þ �
ðC2Þ

qnð0Þ
and
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w0
nð0Þ ¼ y0nð0Þ � 3Le\y0nð0Þ �

ðC2Þ
q0nð0Þ:

Further, for t 2 ½n; nþ 1Þ
w00
nðtÞ ¼ y00nðtÞ � 9L2ee3Lt

¼ð1Þgðt; ynðtÞ; y0nðtÞ; ynð½t�Þ; y0nð½t�Þ; y00nð½t�ÞÞ � 9L2�e3Lt

¼ gðt; ynðtÞ; y0nðtÞ; ynð½t�Þ; y0nð½t�Þ; y00nð½t�ÞÞ � gðt;wnðtÞ;w0
nðtÞ;wnð½t�Þ;w0

nð½t�Þ;w00
nð½t�ÞÞ

þ gðt;wnðtÞ;w0
nðtÞ;wnð½t�Þ;w0

nð½t�Þ;w00
nð½t�ÞÞ � 9L2ee3Lt

� L1ðynðtÞ � wnðtÞÞ þ L2ðy0nðtÞ � w0
nðtÞÞ þ L3ðynð½t�Þ � wnð½t�ÞÞ

þ L4ðy0nð½t�Þ � w0
nð½t�ÞÞ þ L5ðy00nð½t�Þ � w00

nð½t�ÞÞ
þ gðt;wnðtÞ;w0

nðtÞ;wnð½t�Þ;w0
nð½t�Þ;w00

nð½t�ÞÞ � 9L2ee3Lt

� L1ee
3Lt þ L23Lee

3Lt þ L3ee
3Ln þ L43Lee

3Ln þ L59L
2ee3Ln

þ gðt;wnðtÞ;w0
nðtÞ;wnð½t�Þ;w0

nð½t�Þ;w00
nð½t�ÞÞ � 9L2ee3Lt

� Lee3Lt þ 3L2ee3Lt þ Lee3Ln þþ3L2ee3Ln þ ð3L� 2ÞLee3Ln
þ gðt;wnðtÞ;w0

nðtÞ;wnð½t�Þ;w0
nð½t�Þ;w00

nð½t�ÞÞ � 9L2ee3Lt

¼ Lee3Ltð1� 6LÞ þ Lee3Lnð6L� 1Þ þ gðt;wnðtÞ;w0
nðtÞ;wnð½t�Þ;w0

nð½t�Þ;w00
nð½t�ÞÞ

� Leemaxf3Lt;3Lngð1� 6Lþ 6L� 1Þ þ gðt;wnðtÞ;w0
nðtÞ;wnð½t�Þ;w0

nð½t�Þ;w00
nð½t�ÞÞ:

Thus, w00
nðtÞ� gðt;wnðtÞ;w0

nðtÞ;wnð½t�Þ;w0
nð½t�Þ;w00

nð½t�Þ for t 2 ½n; nþ 1Þ.
Since for t 2 ½n; nþ 1Þ, gðt; qnðtÞ; q0nðtÞ; qnð½t�Þ; q0nð½t�Þ; q00nð½t�ÞÞ � q00nðtÞ and
wnðnÞ\qnðnÞ,w0

nðnÞ\q0nðnÞ,w00
nðnÞ\q00nðnÞ, we obtain wnðtÞ\qnðtÞ for all t 2 ½n; nþ 1Þ.

Now, letting e tends to 0, we get

ynðtÞ� qnðtÞ for all t 2 ½n; nþ 1Þ:
On similar lines, it is easy to see that

pnðtÞ� ynðtÞ for all t 2 ½n; nþ 1Þ:
As our desired result is obtained, the proof is now complete. h

The following comparison theorem will be used to prove the sharpness of our
results.

Theorem 2 Let g 2 CðE;RÞ and suppose that ½0; bÞ is the largest interval on which
the maximal solution f of (1)–(2) exists. Let w 2 Cð½0; b;RÞ be such that
ðt;wðtÞ;w0ðtÞ;wð½t�Þ;w0ð½t�Þ;w00ð½t�ÞÞ 2 E for t 2 ½0; bÞ, w0 � a0, w0

0 � a1, w00
0 � a2,

and for a fixed Dini derivative D2,

D2wðtÞ� gðt;wðtÞ;w0ðtÞ;wð½t�Þ;w0ð½t�Þ;w00ð½t�ÞÞ; t 2 ½0; bÞ: ð8Þ
Then
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wðtÞ� fðtÞ; t 2 ½0; bÞ: ð9Þ

Proof In view of Lemma 1, we can rewrite Eq. (8) as follows.

D2;þwðtÞ� gðt;wðtÞ;w0ðtÞ;wð½t�Þ;w0ð½t�Þ;w00ð½t�ÞÞ; t 2 ½0; bÞ: ð10Þ
Let 0\s\b. By Lemma 2, the maximal solution fðt; �Þ of (10) exists on ½0; s� for all
e[ 0 sufficiently small, and

fðtÞ ¼ lim
e!0

fðt; eÞ; ð11Þ

uniformly on ½0; s�. Now, consider the following second-order neutral differential
equation

y00ðtÞ ¼ gðt; yðtÞ; y0ðtÞ; yð½t�Þ; y0ð½t�Þ; y00ð½t�ÞÞ þ e; ð12Þ
with an initial condition

yð0Þ ¼ a0 þ e; y0ð0Þ ¼ a1 þ e; y00ð0Þ ¼ a2 þ e: ð13Þ
Using (12)–(13) and (10), and in view of Lemma 3, we obtain

wðtÞ\fðt; eÞ; t 2 ½0; s�:
In view of (11), this last inequality proves the required assertion. This completes the
proof. h

3 Main results

We shall now prove Chaplygin’s theorem for (1)–(2).

Theorem 3 Let g : E ! R be a continuous function, where

E :¼
n
ðt; x; y; z; u; vÞ 2 Rþ � R5 : jyðtÞ � a0j � a; jy0ðtÞ � a1j � b; jyð½t�Þ � a0j � c;

jy0ð½t�Þ � a1j � d; jy00ð½t�Þ � a2j � e
o
;

for some suitable nonnegative real constants a,b,c,d,e. Suppose that there exists
M [ 0 such that gðt; x; y; z; u; vÞ�M for all ðt; x; y; z; u; vÞ 2 E. Further, assume that
all first-order partial derivatives of g, Dig, i ¼ 2; 3; 4; 5; 6 exist and second-order
partial derivatives of g, Diig[ 0, i ¼ 2; 3; 4; 5; 6, in E. Let p0; q0 : ½0; bÞ ! R be
differentiable functions such that

p000ðtÞ\gðt; p0ðtÞ; p00ðtÞ; p0ð½t�Þ; p00ð½t�Þ; p000ð½t�ÞÞ;
p0ð0Þ ¼ a0; p00ð0Þ ¼ a1; p000ð0Þ ¼ a2

ð14Þ

and
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q000ðtÞ[ gðt; q0ðtÞ; q00ðtÞ; q0ð½t�Þ; q00ð½t�Þ; q000ð½t�ÞÞ;
q0ð0Þ ¼ a0; q00ð0Þ ¼ a1; q000ð0Þ ¼ a2

ð15Þ

respectively. Then there exists a Chaplygin sequence fðpn; qnÞg such that

pnðtÞ\pnþ1ðtÞ\yðtÞ\qnþ1ðtÞ\qnðtÞ; t 2 ½0; b�;
and

pnð0Þ ¼ a0 ¼ qnð0Þ; p0nð0Þ ¼ a1 ¼ q0nð0Þ; p00nð0Þ ¼ a2 ¼ q00nð0Þ;
where y is the unique solution of (1)–(2) and the sequences of functions fpng and
fqng converge uniformly on ½0; b� to y.

Proof Define

~b ¼ ½b� þ 1 if b 6¼ ½b�;
b if b ¼ ½b�:

�
ð16Þ

From the hypothesis, we see that p0 and q0 are, respectively, the lower and upper
solutions of (1)–(2). By Lemma 3, we have

p0ðtÞ� yðtÞ� q0ðtÞ; t 2
[~b�2

r¼0

½r; r þ 1Þ [ ½~b� 1; ~bÞ

with

p0ðrÞ ¼ yðrÞ ¼ q0ðrÞ; p00ðrÞ ¼ y0ðrÞ ¼ q00ðrÞ; p000ðrÞ ¼ y00ðrÞ ¼ q000ðrÞ;

for each r ¼ 0; 1; . . .; ~b� 2. For t 2 S~b�2

r¼0
½r; r þ 1Þ [ ½~b� 1; ~bÞ, we define g1 : E ! R

and g2 : E ! R as follows.

g1ðt; yðtÞ; y0ðtÞ; yð½t�Þ; y0ð½t�Þ; y00ð½t�Þ; p0; q0Þ ¼ gðt; p0ðtÞ; p00ðtÞ; p0ð½t�Þ; p00ð½t�Þ; p000ð½t�ÞÞ
þ 1

5
D2gðt; p0ðtÞ; p00ðtÞ; p0ð½t�Þ; p00ð½t�Þ; p000ð½t�ÞÞðyðtÞ � p0ðtÞÞ

þ 1

5
D3gðt; p0ðtÞ; p00ðtÞ; p0ð½t�Þ; p00ð½t�Þ; p000ð½t�ÞÞðy0ðtÞ � p00ðtÞÞ

þ 1

5
D4gðt; p0ðtÞ; p00ðtÞ; p0ð½t�Þ; p00ð½t�Þ; p000ð½t�ÞÞðyð½t�Þ � p0ð½t�ÞÞ

þ 1

5
D5gðt; p0ðtÞ; p00ðtÞ; p0ð½t�Þ; p00ð½t�Þ; p000ð½t�ÞÞðy0ð½t�Þ � p00ð½t�ÞÞ

þ 1

5
D6gðt; p0ðtÞ; p00ðtÞ; p0ð½t�Þ; p00ð½t�Þ; p000ð½t�ÞÞðy00ð½t�Þ � p000ð½t�ÞÞ

ð17Þ

and
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g2ðt; yðtÞ; y0ðtÞ; yð½t�Þ; y0ð½t�Þ; y00ð½t�Þ; p0; q0Þ ¼ gðt; p0ðtÞ; p00ðtÞ; p0ð½t�Þ; p00ð½t�Þ; p000ð½t�ÞÞ
þ 1

5
gðt; p0ðtÞ; p00ðtÞ; p0ð½t�Þ; p00ð½t�Þ; p000ð½t�ÞÞ � gðt; q0ðtÞ; q00ðtÞ; q0ð½t�Þ; q00ð½t�Þ; q000ð½t�ÞÞ

� �
yðtÞ � p0ðtÞ
p0ðtÞ � q0ðtÞ þ

y0ðtÞ � p00ðtÞ
p00ðtÞ � q00ðtÞ

þ yð½t�Þ � p0ð½t�Þ
p0ð½t�Þ � q0ð½t�Þ þ

y0ð½t�Þ � p00ð½t�Þ
p00ð½t�Þ � q00ð½t�Þ

þ y00ð½t�Þ � p000ð½t�Þ
p000ð½t�Þ � q000ð½t�Þ

� �
:

ð18Þ
We find that if t ¼ r, where r ¼ 0; 1; 2; . . .; ~b� 1, then

g1ðt; yðtÞ; y0ðtÞ; yð½t�Þ; y0ð½t�Þ; y00ð½t�Þ; p0; q0Þ
¼ g2ðt; yðtÞ; y0ðtÞ; yð½t�Þ; y0ð½t�Þ; y00ð½t�Þ; p0; q0Þ:

For t 2 S~b�2

r¼0
½r; r þ 1Þ, let p1 and q1 be solutions of the linear neutral differential

equations

y00ðtÞ ¼ g1ðt; yðtÞ; y0ðtÞ; yð½t�Þ; y0ð½t�Þ; y00ð½t�Þ; p0; q0Þ;
yðrÞ ¼ p0ðrÞ; y0ðrÞ ¼ p00ðrÞ; y00ðrÞ ¼ p000ðrÞ;

ð19Þ

and

y00ðtÞ ¼ g2ðt; yðtÞ; y0ðtÞ; yð½t�Þ; y0ð½t�Þ; y00ð½t�Þ; p0; q0Þ;
yðrÞ ¼ q0ðrÞ; y0ðrÞ ¼ q00ðrÞ; y00ðrÞ ¼ q000ðrÞ;

ð20Þ

respectively. Since p0 is a lower solution, using Eq. (17), we get

p000ðtÞ\gðt; p0ðtÞ; p00ðtÞ; p0ð½t�Þ; p00ð½t�Þ; p000ð½t�ÞÞ
¼ g1ðt; p0ðtÞ; p00ðtÞ; p0ð½t�Þ; p00ð½t�Þ; p000ð½t�Þ; p0; q0Þ:

ð21Þ

Now, using (19) and (21), and in view of Lemma 3, we obtain

p0ðtÞ� p1ðtÞ; t 2 ðr; r þ 1Þ: ð22Þ
On the same lines, we can show that

q1ðtÞ� q0ðtÞ; t 2 ðr; r þ 1Þ: ð23Þ
Also, from Eq. (18)

p000ðtÞ\gðt; p0ðtÞ; p00ðtÞ; p0ð½t�Þ; p00ð½t�Þ; p000ð½t�ÞÞ

¼ g2ðt; p0ðtÞ; p00ðtÞ; p0ð½t�Þ; p00ð½t�Þ; p000ð½t�Þ; p0; q0Þ; t 2
[~b�2

r¼0

½r; r þ 1Þ

and, from Eq. (20)
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q001ðtÞ ¼ g2ðt; q1ðtÞ; q01ðtÞ; q1ð½t�Þ; q01ð½t�Þ; q001ð½t�ÞÞ; t 2
[~b�2

r¼0

½r; r þ 1Þ:

By Lemma 3,

p0ðtÞ� q1ðtÞ; t 2 ½r; r þ 1Þ; r ¼ 0; 1; 2; . . .; ~b� 2: ð24Þ
Now, we show that

p001ðtÞ\gðt; p1ðtÞ; p01ðtÞ; p1ð½t�Þ; p01ð½t�Þ; p001ð½t�ÞÞ; t 2 ðr; r þ 1Þ; r ¼ 0; 1; 2; . . .; ~b� 2:

ð25Þ
First we note that for t 2 ½r; r þ 1Þ, r ¼ 0; 1; 2; . . .; ~b� 2,

p0ðtÞ� p1ðtÞ; p00ðtÞ� p01ðtÞ; p0ð½t�Þ � p1ð½t�Þ; p00ð½t�Þ � p01ð½t�Þ; p000ð½t�Þ � p001ð½t�Þ:

It follows from the Mean Value Theorem that there exist ni, i ¼ 1; 2; 3; 4; 5 such that

for t 2 ½r; r þ 1Þ, r ¼ 0; 1; 2; . . .; ~b� 2, p0ðtÞ� n1 � p1ðtÞ, p00ðtÞ� n2 � p01ðtÞ,
p0 ð½t�Þ� n3 � p1ð½t�Þ, p00ð½t�Þ � n4 � p01ð½t�Þ, p000ð½t�Þ � n5 � p001ð½t�Þ and
gðt; p1ðtÞ; p01ðtÞ; p1ð½t�Þ; p01ð½t�Þ; p001ð½t�ÞÞ ¼ gðt; p0ðtÞ; p00ðtÞ; p0ð½t�Þ; p00ð½t�Þ; p000ð½t�ÞÞ

þ 1

5
D2gðt; p0ðtÞ; p00ðtÞ; p0ð½t�Þ; p00ð½t�Þ; p000ð½t�ÞÞðp1ðtÞ � p0ðtÞÞ

þ 1

5
D3gðt; p0ðtÞ; p00ðtÞ; p0ð½t�Þ; p00ð½t�Þ; p000ð½t�ÞÞðp01ðtÞ � p00ðtÞÞ

þ 1

5
D4gðt; p0ðtÞ; p00ðtÞ; p0ð½t�Þ; p00ð½t�Þ; p000ð½t�ÞÞðp1ð½t�Þ � p0ð½t�ÞÞ

þ 1

5
D5gðt; p0ðtÞ; p00ðtÞ; p0ð½t�Þ; p00ð½t�Þ; p000ð½t�ÞÞðp01ð½t�Þ � p00ð½t�ÞÞ

þ 1

5
D6gðt; p0ðtÞ; p00ðtÞ; p0ð½t�Þ; p00ð½t�Þ; p000ð½t�ÞÞðp001ð½t�Þ � p000ð½t�ÞÞ

þ 1

10
D22gðt; n1; p00ðtÞ; p0ð½t�Þ; p00ð½t�Þ; p000ð½t�ÞÞðp1ðtÞ � p0ðtÞÞ2

þ 1

10
D33gðt; p0ðtÞ; n2; p0ð½t�Þ; p00ð½t�Þ; p000ð½t�ÞÞðp01ðtÞ � p00ðtÞÞ2

þ 1

10
D44gðt; p0ðtÞ; p00ðtÞ; n3; p00ð½t�Þ; p000ð½t�ÞÞðp1ð½t�Þ � p0ð½t�ÞÞ2

þ 1

10
D55gðt; p0ðtÞ; p00ðtÞ; p0ð½t�Þ; n4; p000ð½t�ÞÞðp01ð½t�Þ � p00ð½t�ÞÞ2

þ 1

10
D66gðt; p0ðtÞ; p00ðtÞ; p0ð½t�Þ; p00ð½t�Þ; n5Þðp001ð½t�Þ � p000ð½t�ÞÞ2:

Since Diig[ 0, i ¼ 2; 3; 4; 5; 6, we obtain
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gðt; p1ðtÞ; p01ðtÞ; p1ð½t�Þ; p01ð½t�Þ; p001ð½t�ÞÞ[ gðt; p0ðtÞ; p00ðtÞ; p0ð½t�Þ; p00ð½t�Þ; p000ð½t�ÞÞ
þ 1

5
D2gðt; p0ðtÞ; p00ðtÞ; p0ð½t�Þ; p00ð½t�Þ; p000ð½t�ÞÞðp1ðtÞ � p0ðtÞÞ

þ 1

5
D3gðt; p0ðtÞ; p00ðtÞ; p0ð½t�Þ; p00ð½t�Þ; p000ð½t�ÞÞðp01ðtÞ � p00ðtÞÞ

þ 1

5
D4gðt; p0ðtÞ; p00ðtÞ; p0ð½t�Þ; p00ð½t�Þ; p000ð½t�ÞÞðp1ð½t�Þ � p0ð½t�ÞÞ

þ 1

5
D5gðt; p0ðtÞ; p00ðtÞ; p0ð½t�Þ; p00ð½t�Þ; p000ð½t�ÞÞðp01ð½t�Þ � p00ð½t�ÞÞ

þ 1

5
D6gðt; p0ðtÞ; p00ðtÞ; p0ð½t�Þ; p00ð½t�Þ; p000ð½t�ÞÞðp001ð½t�Þ � p000ð½t�ÞÞ:

That is,

gðt; p1ðtÞ; p01ðtÞ; p1ð½t�Þ; p01ð½t�Þ; p001ð½t�ÞÞ[ g1ðt; p1ðtÞ; p01ðtÞ; p1ð½t�Þ; p01ð½t�Þ; p001ð½t�ÞÞ;

for all t 2 ½r; r þ 1Þ, r ¼ 0; 1; 2; . . .; ~b� 2.
Since p1 is a solution of (19), we get that

p001ðtÞ\gðt; p1ðtÞ; p01ðtÞ; p1ð½t�Þ; p01ð½t�Þ; p001ð½t�ÞÞ; t 2 ½r; r þ 1Þ; r ¼ 0; 1; 2; . . .; ~b� 2:

Thus, p1 is a lower function and hence

p1ðtÞ� yðtÞ; t 2 ½r; r þ 1Þ; r ¼ 0; 1; 2; . . .; ~b� 2: ð26Þ
Now, since q1 is a solution of (20), using Eq. (18), we can write

q001ðtÞ[ gðt; q1ðtÞ; q01ðtÞ; q1ð½t�Þ; q01ð½t�Þ; q001ð½t�Þ; p0; q0Þ; t 2 ½r; r þ 1Þ; r ¼ 0; 1; 2; . . .; ~b� 2:

Thus, q1 is an upper function and hence

yðtÞ� q1ðtÞ; t 2 ½r; r þ 1Þ; r ¼ 0; 1; 2; . . .; ~b� 2: ð27Þ
From (26) and (27) and in view of (22) and (23), we get

p0ðtÞ� p1ðtÞ� yðtÞ� q1ðtÞ� q0ðtÞ on t 2 ðr; r þ 1Þ; r ¼ 0; 1; 2; . . .; ~b� 2:

ð28Þ
Based on the above discussion, we see that for a given pair of functions ðp0; q0Þ, we
obtain a new pair of functions ðp1; q1Þ such that
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p001ðtÞ\gðt; p1ðtÞ; p01ðtÞ; p1ð½t�Þ; p01ð½t�Þ; p001ð½t�ÞÞ
and

q001ðtÞ[ gðt; q1ðtÞ; q01ðtÞ; q1ð½t�Þ; q01ð½t�Þ; q001ð½t�ÞÞ

for t 2 ½r; r þ 1Þ; r¼0; 1; 2; . . .; ~b� 2 with p1ðrÞ¼a0 ¼ qðrÞ, p01ðrÞ ¼ a1 ¼ q01ðrÞ,
p1ð½r�Þ ¼ a0 ¼ q1ð½r�Þ, p01ð½r�Þ ¼ a1 ¼ q01ð½r�Þ, p001ð½r�Þ ¼ a2 ¼ q001ð½r�Þ.
Repeating this process we obtain a well-defined Chaplygin Sequence fðpnþ1; qnþ1Þg
of functions such that

(i) p00nðtÞ\gðt; pnðtÞ; p0nðtÞ; pnð½t�Þ; p0nð½t�Þ; p00nð½t�ÞÞ, for t 2 ½r; r þ 1Þ; r ¼
0; 1; 2; . . .; ~b� 2 and pnðrÞ ¼ a0, p0nðrÞ ¼ a1, pnð½r�Þ ¼ a0, p0nð½r�Þ ¼ a1,
p00nð½r�Þ ¼ a2.

(ii) q00nðtÞ[ gðt; qnðtÞ; q0nðtÞ; qnð½t�Þ; q0nð½t�Þ; q00nð½t�ÞÞ, for t 2 ½r; r þ 1Þ; r ¼
0; 1; 2; . . .; ~b� 2 and qnðrÞ ¼ a0, q0nðrÞ ¼ a1, qnð½r�Þ ¼ a0, q0nð½r�Þ ¼ a1,
q00nð½r�Þ ¼ a2.

(iii) pnðtÞ� pnþ1ðtÞ� yðtÞ� qnþ1ðtÞ� qnðtÞ; t 2 ½~b� 1; b�.
(iv) p00nþ1ðtÞ ¼ g1ðt; pnþ1ðtÞ;

p0nþ1ðtÞ; pnþ1ð½t�Þ; p0nþ1ð½t�Þ; p00nþ1ð½t�Þ; pn; qnÞ; t 2 ½~b� 1; b�.
(v) q00nþ1ðtÞ ¼ g2ðt; qnþ1ðtÞ; q0nþ1ðtÞ; qnþ1ð½t�Þ; q0nþ1ð½t�Þ;

q00nþ1ð½t�Þ; pn; qnÞ; t 2 ½~b� 1; b�.

From (iii), we see that fpng and fqng are monotonic sequences that are uniformly

bounded on ½~b� 1; b�: Furthermore, since each pn and qn are solutions of (1)–(2), the

sequences fpng and fqng are equicontiuous on ½~b� 1; b�. Finally, application of
Theorem 1 yields that the sequences fpng and fqng converge uniformly to y on

½~b� 1; b�. This completes the proof. h

Having established the Chaplygin theorem for second-order neutral differential
equations for piecewise constant delay, we shall now establish another fundamental
result that actually demonstrates that the results reported in this paper are sharper
than those present in existing literature.

Theorem 4 In addition to the hypothesis of the Theorem 3, define

I :¼ ðt; yÞ : p0ðtÞ� y� q0ðtÞ; t 2
[~b�2

r¼0

½r; r þ 1Þ [ ½~b� 1; bÞ
8<
:

9=
;;

where ~b is defined in (16). Also, define

H :¼ sup
ðt;yÞ2I

Digðt; x; y; z; u; vÞ : i ¼ 2; 3; 4; 5; 6f g

and
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K :¼ sup
ðt;yÞ2I

Diigðt; x; y; z; u; vÞ : i ¼ 2; 3; 4; 5; 6f g :

If 0� q0ðtÞ � p0ðtÞ� 1

2KbeHb
:¼ e, then

jqnðtÞ � pnðtÞj� 1

5

� �n 2�

22n
; t 2 ½0; b�; n 2 N0; ð29Þ

where pn and qn are, respectively, lower and upper solutions of (1)–(2).

Proof We shall prove the result by the principle of mathematical induction on n. By
assumption, we see that the result clearly holds for n ¼ 0. Suppose the result holds
for a fixed n 2 N. That is,

jqnðtÞ � pnðtÞj � 1

5

� �n 2�

22n
:

Based on the definition of pnþ1 and qnþ1 given in Theorem 3, we can write

jq00nþ1ðtÞ � p00nþ1ðtÞj
¼ jg2ðt; qnþ1ðtÞ; q0nþ1ðtÞ; qnþ1ð½t�Þ; q0nþ1ð½t�Þ; q00nþ1ð½t�Þ; pn; qnÞ
� g1ðt; pnþ1ðtÞ; p0nþ1ðtÞ; pnþ1ð½t�Þ; p0nþ1ð½t�Þ; p00nþ1ð½t�Þ; pn; qnÞj

¼ gðt; pnðtÞ; p0nðtÞ; pnð½t�Þ; p0nð½t�Þ; p00nð½t�ÞÞ þ
1

5
gðt; pnðtÞ; p0nðtÞ; pnð½t�Þ; p0nð½t�Þ; p00nð½t�ÞÞ

�����
�gðt; qnðtÞ; q0nðtÞ; qnð½t�Þ; q0nð½t�Þ; q00nð½t�ÞÞ

� qnþ1ðtÞ � pnðtÞ
pnðtÞ � qnðtÞ þ q0nþ1ðtÞ � p0nðtÞ

p0nðtÞ � q0nðtÞ
�

þ q0nþ1ð½t�Þ � p0nð½t�Þ
p0nð½t�Þ � q0nð½t�Þ

þ q00nþ1ð½t�Þ � p00nð½t�Þ
p00nð½t�Þ � q00nð½t�Þ

�
� gðt; pnðtÞ; p0nðtÞ; pnð½t�Þ; p0nð½t�Þ; p00nð½t�ÞÞ

þ 1

5
D2gðt; pnðtÞ; p0nðtÞ; pnð½t�Þ; p0nð½t�Þ; p00nð½t�ÞÞðpnþ1ðtÞ � pnðtÞÞ

þ 1

5
D3gðt; pnðtÞ; p0nðtÞ; pnð½t�Þ; p0nð½t�Þ; p00nð½t�ÞÞðp0nþ1ðtÞ � p0nðtÞÞ

þ 1

5
D4gðt; pnðtÞ; p0nðtÞ; pnð½t�Þ; p0nð½t�Þ; p00nð½t�ÞÞðpnþ1ð½t�Þ � pnð½t�ÞÞ

þ 1

5
D5gðt; pnðtÞ; p0nðtÞ; pnð½t�Þ; p0nð½t�Þ; p00nð½t�ÞÞðp0nþ1ð½t�Þ � p0nð½t�ÞÞ

þ 1

5
D6gðt; pnðtÞ; p0nðtÞ; pnð½t�Þ; p0nð½t�Þ; p00nð½t�ÞÞðp00nþ1ð½t�Þ � p00nð½t�ÞÞ

����:
It follows from Mean Value Theorem that there exists gnðtÞ 2 ðpnðtÞ; qnðtÞÞ, n 2 N

such that p0nðtÞ� g0nðtÞ� q0nðtÞ, pnð½t�Þ � gnð½t�Þ � qnð½t�Þ, p0nð½t�Þ� g0nð½t�Þ� q0nð½t�Þ,
p00nð½t�Þ � g00nð½t�Þ � q00nð½t�Þ and
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jq00nþ1ðtÞ � p00nþ1ðtÞj
� 1

5

���D2gðt; gnðtÞ; g0nðtÞ; gnð½t�Þ; g0nð½t�Þ; g00nð½t�ÞÞðqnþ1ðtÞ � pnðtÞÞ
þ D3gðt; gnðtÞ; g0nðtÞ; gnð½t�Þ; g0nð½t�Þ; g00nð½t�ÞÞðq0nþ1ðtÞ � p0nðtÞÞ
þ D4gðt; gnðtÞ; g0nðtÞ; gnð½t�Þ; g0nð½t�Þ; g00nð½t�ÞÞðqnþ1ð½t�Þ � pnð½t�ÞÞ
þ D5gðt; gnðtÞ; g0nðtÞ; gnð½t�Þ; g0nð½t�Þ; g00nð½t�ÞÞðq0nþ1ð½t�Þ � p0nð½t�ÞÞ
þ D6gðt; gnðtÞ; g0nðtÞ; gnð½t�Þ; g0nð½t�Þ; g00nð½t�ÞÞðq00nþ1ð½t�Þ � p00nð½t�ÞÞ
� D2gðt; pnðtÞ; p0nðtÞ; pnð½t�Þ; p0nð½t�Þ; p00nð½t�ÞÞðpnþ1ðtÞ � pnðtÞÞ
� D3gðt; pnðtÞ; p0nðtÞ; pnð½t�Þ; p0nð½t�Þ; p00nð½t�ÞÞðp0nþ1ðtÞ � p0nðtÞÞ
� D4gðt; pnðtÞ; p0nðtÞ; pnð½t�Þ; p0nð½t�Þ; p00nð½t�ÞÞðpnþ1ð½t�Þ � pnð½t�ÞÞ
� D5gðt; pnðtÞ; p0nðtÞ; pnð½t�Þ; p0nð½t�Þ; p00nð½t�ÞÞðp0nþ1ð½t�Þ � p0nð½t�ÞÞ
� D6gðt; pnðtÞ; p0nðtÞ; pnð½t�Þ; p0nð½t�Þ; p00nð½t�ÞÞðp00nþ1ð½t�Þ � p00nð½t�ÞÞ

���:
Since Diig[ 0, i ¼ 2; 3; 4; 5; 6, each Dig is strictly increasing. Also, since
gnðtÞ[ pnðtÞ, g0nðtÞ	 p0nðtÞ, gnð½t�Þ 	 pnð½t�Þ, g0nð½t�Þ 	 p0nð½t�Þ, g00nð½t�Þ 	 p00nð½t�Þ, it
follows that for i ¼ 2; 3; 4; 5; 6,

Digðt; gnðtÞ; g0nðtÞ; gnð½t�Þ; g0nð½t�Þ; g00nð½t�ÞÞ[Digðt; pnðtÞ; p0nðtÞ; pnð½t�Þ; p0nð½t�Þ; p00nð½t�ÞÞ:

Therefore

jq00nþ1ðtÞ � p00nþ1ðtÞj
� 1

5

���D2gðt; gnðtÞ; g0nðtÞ; gnð½t�Þ; g0nð½t�Þ; g00nð½t�ÞÞðqnþ1ðtÞ � pnðtÞÞ
þ D3gðt; gnðtÞ; g0nðtÞ; gnð½t�Þ; g0nð½t�Þ; g00nð½t�ÞÞðq0nþ1ðtÞ � p0nðtÞÞ
þ D4gðt; gnðtÞ; g0nðtÞ; gnð½t�Þ; g0nð½t�Þ; g00nð½t�ÞÞðqnþ1ð½t�Þ � pnð½t�ÞÞ
þ D5gðt; gnðtÞ; g0nðtÞ; gnð½t�Þ; g0nð½t�Þ; g00nð½t�ÞÞðq0nþ1ð½t�Þ � p0nð½t�ÞÞ
þ D6gðt; gnðtÞ; g0nðtÞ; gnð½t�Þ; g0nð½t�Þ; g00nð½t�ÞÞðq00nþ1ð½t�Þ � p00nð½t�ÞÞ
þ
n
D2gðt; gnðtÞ; g0nðtÞ; gnð½t�Þ; g0nð½t�Þ; g00nð½t�ÞÞ

� D2gðt; pnðtÞ; p0nðtÞ; pnð½t�Þ; p0nð½t�Þ; p00nð½t�ÞÞ
o
ðpnþ1ðtÞ � pnðtÞÞ

þ
n
D3gðt; gnðtÞ; g0nðtÞ; gnð½t�Þ; g0nð½t�Þ; g00nð½t�ÞÞ

� D3gðt; pnðtÞ; p0nðtÞ; pnð½t�Þ; p0nð½t�Þ; p00nð½t�ÞÞ
o
ðp0nþ1ðtÞ � p0nðtÞÞ

þ
n
D4gðt; gnðtÞ; g0nðtÞ; gnð½t�Þ; g0nð½t�Þ; g00nð½t�ÞÞ

� D4gðt; pnðtÞ; p0nðtÞ; pnð½t�Þ; p0nð½t�Þ; p00nð½t�ÞÞ
o
ðpnþ1ð½t�Þ � pnð½t�ÞÞ

þ
n
D5gðt; gnðtÞ; g0nðtÞ; gnð½t�Þ; g0nð½t�Þ; g00nð½t�ÞÞ

� D5gðt; pnðtÞ; p0nðtÞ; pnð½t�Þ; p0nð½t�Þ; p00nð½t�ÞÞ
o
ðp0nþ1ð½t�Þ � p0nð½t�ÞÞ

þ
n
D6gðt; gnðtÞ; g0nðtÞ; gnð½t�Þ; g0nð½t�Þ; g00nð½t�ÞÞ

� D6gðt; pnðtÞ; p0nðtÞ; pnð½t�Þ; p0nð½t�Þ; p00nð½t�ÞÞ
o
ðp00nþ1ð½t�Þ � p00nð½t�ÞÞ

���:
In view of the definition of H and the Mean Value Theorem, there exists
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mnðtÞ 2 ðpnðtÞ; gnðtÞÞ, n 2 N such that p0nðtÞ\m0nðtÞ\g0nðtÞ, pnð½t�Þ\mnð½t�Þ\gnð½t�Þ,
p0nð½t�Þ\m0nð½t�Þ\g0nð½t�Þ, p00nð½t�Þ\m00nð½t�Þ\g00nð½t�Þ, and
jq00nþ1ðtÞ � p00nþ1ðtÞj
� 1

5
H
n
jqnþ1ðtÞ � pnþ1ðtÞj þ jq0nþ1ðtÞ � p0nþ1ðtÞj þ jqnþ1ð½t�Þ � pnþ1ð½t�Þj

þ jq0nþ1ð½t�Þ � p0nþ1ð½t�Þj þ jq00nþ1ð½t�Þ � p00nþ1ð½t�Þj
o

þ 1

5

���D22gðt; mnðtÞ; m0nðtÞ; mnð½t�Þ; m0nð½t�Þ; m00nð½t�ÞÞðgnðtÞ � mnðtÞÞðpnþ1ðtÞ � pnðtÞÞ
þ D33gðt; mnðtÞ; m0nðtÞ; mnð½t�Þ; m0nð½t�Þ; m00nð½t�ÞÞðg0nðtÞ � m0nðtÞÞðp0nþ1ðtÞ � p0nðtÞÞ
þ D44gðt; mnðtÞ; m0nðtÞ; mnð½t�Þ; m0nð½t�Þ; m00nð½t�ÞÞðgnð½t�Þ � mnð½t�ÞÞðpnþ1ð½t�Þ � pnð½t�ÞÞ
þ D55gðt; mnðtÞ; m0nðtÞ; mnð½t�Þ; m0nð½t�Þ; m00nð½t�ÞÞðg0nð½t�Þ � m0nð½t�ÞÞðp0nþ1ð½t�Þ � p0nð½t�ÞÞ
þ D66gðt; mnðtÞ; m0nðtÞ; mnð½t�Þ; m0nð½t�Þ; m00nð½t�ÞÞðg00nð½t�Þ � m00nð½t�ÞÞðp00nþ1ð½t�Þ � p00nð½t�ÞÞ

���:
Again, in view of how K is defined, we obtain

jq00nþ1ðtÞ � p00nþ1ðtÞj �
1

5
H
n
jqnþ1ðtÞ � pnþ1ðtÞj þ jq0nþ1ðtÞ � p0nþ1ðtÞj þ jqnþ1ð½t�Þ � pnþ1ð½t�Þj:

þ jq0nþ1ð½t�Þ � p0nþ1ð½t�Þj þ jq00nþ1ð½t�Þ � p00nþ1ð½t�Þj
o

þ 1

5
K
n
jqnðtÞ � pnðtÞj2 þ jq0nðtÞ � p0nðtÞj2 þ jqnð½t�Þ � pnð½t�Þj2

þ jq0nð½t�Þ � p0nð½t�Þj2 þ jq00nð½t�Þ � p00nð½t�Þj2
o
:

Thus,

D2;þjqnþ1ðtÞ � pnþ1ðtÞj �H jqnþ1ðtÞ � pnþ1ðtÞj þ KjqnðtÞ � pnðtÞj2

�H jqnþ1ðtÞ � pnþ1ðtÞj þ K
1

5

� �2n22e2

22nþ1 :

Now, employing Theorem 2, we get

jqnþ1ðtÞ � pnþ1ðtÞj �K
1

5

� �2n22e2

22nþ1

Z t

r

eHðt�sÞds

� 1

5

� �2n22e2

22nþ1 Kbe
Hb

� 1

5

� �nþ1 2e

22nþ1 ; n 2 N:

Therefore, by the principle of mathematical induction, we can write
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jqnðtÞ � pnðtÞj � 1

5

� �n 2�

22n
; n 2 N0; for t 2 ½0; b�:

The sharpness of our results are now established completing the proof. h

The following Corollary gives an error bound for the difference between the exact
and the lower (or upper) solution of (1)–(2).

Corollary 1 The absolute error between the exact and the approximate (lower or
upper) solutions of (1)–(2) is

jyðtÞ � pnðtÞj � 1

5

� �n 2�

22n
and jqnðtÞ � yðtÞj� 1

5

� �n 2�

22n
; n 2 N0;

where y is the exact solution and pn, qn are approximate solutions of second-order
neutral differential equation with piecewise constant delay (1) with initial conditions
(2).

Proof The proof follows from Theorem 4 and the triangle inequality. h

Remark 1 We see that the estimate given by (29) is five-times sharper as compared
to that for first-order ordinary differential equations, and 1.67 times sharper than that
for first-order neutral differential equations with piecewise deviating arguments.

Note 1 As seen in Theorem 3 and Theorem 4, following conditions are necessary:

1. The function g must be continuous and possess continuous second order partial
derivatives.

2. The first and second order partial derivatives of g must be bounded.
3. The linear neutral differential equation (see (19) and (20)) must be solvable. (A

general procedure to determine the solvability of second-order neutral differential
equations may be found in [20]).

In the absence of any of these conditions, Chaplygin’s theorem will not hold. As
such, these may be considered as the limitations of the method.

4 Conclusion and future scope

This paper extends certain results on upper and lower solutions to second-order
neutral differential equations with piecewise constant delay. These results are then
used to establish Chaplygin’s theorem for second-order neutral differential equations.
We finally conclude by showing that the results in the present paper are better than
any of those available in existing literature, as we get tighter error bounds.

Since the past few decades, growing interest is seen towards the study of fractional
differential equations. While the most commonly used fractional derivatives are the
Riemann–Liouville, Caputo, and Grünwald–Letnikov, there are some recently
introduced fractional operators (new fractional definitions) such as the generalized
fractional derivative (known as Abu-Shady–Kaabar fractional derivative). This
fractional definition can obtain the same results as Caputo fractional operator in a
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very simple way without the need for modified numerical techniques. As Chaplygin’s
method has not yet been extended to any fractional differential equations, it is an
open problem that the work presented here can be studied for fractional differential
equations, particularly in the sense of Abu-Shady–Kaabar fractional derivative that
has been proposed in [1, 21].

Acknowledgements The authors would like to thank the referees for their valuable suggestions and
comments which have indeed improved the paper.

Author contributions The study was carried out in collaboration of all authors. All authors read and
approved the final manuscript.

Funding Not Applicable.

Data availibility statement Data sharing not applicable to this paper as no data sets were generated or
analyzed during the current study.

Declarations

Conflict of interest It is declared that authors has no competing interests.

Ethical approval This article does not contain any studies with human participants or animals performed
by any of the authors.

References

1. Abu-Shady, M., and M.K.A. Kaabar. 2021. A Generalized Definition of the Fractional Derivative with
Applications, Mathematical Problems in Engineering, 2021, Article ID: 9444803, https://doi.org/10.
1155/2021/9444803.

2. Alzabut, J., M. Khuddush, A.G.M. Selvam, D. Vignesh. 2023. Second Order Iterative Dynamic
Boundary Value Problems with Mixed Derivative Operators with Applications, Qualitative Theory of
Dynamical Systems, 22, Article number: 32, https://doi.org/10.1007/s12346-022-00736-1.

3. Bellman, R.E., and R.E. Kalaba. 1965. Quasilinearization and nonlinear boundary value problems.
Santa Monica, Calififornia: RAND Publication.

4. Benarab, S. 2021. On Chaplygin’s Theorem for an Implicit Differential Equation of Order n. Russian
Universities Reports. Mathematics 26 (135): 225–233.

5. Cabada, A., and J.B. Ferreiro. 2011. First-Order Differential Equations with Piecewise Constant
Arguments and Nonlinear Boundary Value Conditions. Journal of Mathematical Analysis and
Applications 380 (1): 124–136.

6. Chiu, K.S. 2015. On Generalized Impulsive Piecewise Constant Delay Differential Equations. Science
China Mathematics 58: 1981–2002.

7. Chiu, K.S. 2021. Minimal and Maximal Solutions to First-Order Differential Equations with Piecewise
Constant Generalized Delay, Proyecciones Journal of Mathematics, 40 (1). https://doi.org/10.22199/
issn.0717-6279-2021-01-0011.

8. Cooke, K.L., and J. Wiener. 1991. A Survey of Differential Equations with Piecewise Continuous
Arguments. Springer, Berlin: Delay Differential Equations and Dynamical Systems.

9. Domoshnitsky, A. 1990. About Applicability of Chaplygin’s Theorem to One Component of the
Solution Vector. Differentsial’nye Uravneniya 26: 1699–1705.

10. Guyker, J. 2015. Periodic Solutions of Certain Differential Equations with Piecewise Constant
Argument, International Journal of Mathematics and Mathematical Sciences, 2015, Article ID
828952, 17 pages, https://doi.org/10.1155/2015/828952.

11. Jayasree, K.N., and S.G. Deo. 1992. On Piecewise Constant Delay Differential Equations. Journal of
Mathematical Analysis and Applications 169 (1): 55–69.

123

J. Z. Lobo et al.

https://doi.org/10.1155/2021/9444803
https://doi.org/10.1155/2021/9444803
https://doi.org/10.1007/s12346-022-00736-1
https://doi.org/10.22199/issn.0717-6279-2021-01-0011
https://doi.org/10.22199/issn.0717-6279-2021-01-0011
https://doi.org/10.1155/2015/828952


12. Jin, S.X., and Y. Zhang. 2019. Noether Theorem for Generalized Chaplygin System on Time Scales.
Indian Journal of Physics 93: 883–890.

13. Kamont, Z. 1980. On the Chaplygin Method for Partial Differential-Functional Equations of the First
Order. Annales Polonici Mathematici 1 (38): 27–46.

14. Kelley, W.G., and A.C. Peterson. 2010. The Theory of Differential Equations. Second edition,
Springer, New York: Classical and Qualitative.

15. Khuddush, M., and K.R. Prasad. 2022. Nonlinear two-point iterative functional boundary value
problems on time scales. J. Appl. Math. Comput. 68: 4241–4251. https://doi.org/10.1007/s12190-022-
01703-4.

16. Kumari, M., and Y.S. Valaulikar. 2018. On Chaplygin’s Method for First Order Neutral Differential
Equation. Applications and Applied Mathematics: An International Journal 13 (2): 764–780.

17. Ladde, G.S., V. Lakshmikantham, A.S. Vatsala. 1985. Monotone Iterative Techniques for Nonlinear
Differential Equations, Vol. 27, Pitman Publishing.

18. Lakshmikantham, V., and S. Leela. 1969. Differential and Integral Inequalities: Theory and Appli-
cations, Volume I: Ordinary Differential Equations, Academic Press.

19. Lakshmikantham, V., and A.S. Vatsala. 1998. Generalized Quasilinearization for Nonlinear Problems,
Mathematics and its Applications book series, Volume 440.

20. Lobo, J.Z., and Y.S. Valaulikar, 2022. Classification of Second Order Functional Differential Equa-
tions with Constant Coefficients to Solvable Lie Algebras, Journal of Mathematical Extension, 16(3):
42 pages, https://doi.org/10.30495/JME.2022.1810.

21. Martínez, F., and M.K.A. Kaabar. 2022. A Novel Theoretical Investigation of the Abu-Shady–Kaabar
Fractional Derivative as a Modeling Tool for Science and Engineering, 2022, Article ID: 4119082,
https://doi.org/10.1155/2022/4119082.

22. Marzban, H.R., and S.M. Hoseini. 2016. Analysis of Linear Piecewise Constant Delay Systems Using
a Hybrid Numerical Scheme, Advances in Numerical Analysis, 2016, Article ID 8903184, https://doi.
org/10.1155/2016/8903184.

23. Muminov, M.I. 2017. On the Method of Finding Periodic Solutions of Second-Order Neutral Dif-
ferential Equations with Piecewise Constant Arguments, Advances in Difference Equations, 2017
(336). https://doi.org/10.1186/s13662-017-1396-7.

24. Soheili, A.R., M. Amini, F. Soleymani. 2019. A family of Chaplygin-type Solvers for Itô Stochastic
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